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ABSTRACT 

The  aim of th is  paper  is to develop a theory  for the  asympto t i c  behavior  

of po lynomia l s  and  of polynomial  maps  over R and over C and  to apply  

it to the  Jacob ian  conjecture.  This  theory  gives a unified frame for some 

resul ts  on polynomial  m a p s  t ha t  were not  related before. 

A well known theo rem of J. H a d a m a r d  gives a necessary and  sufficient 

condi t ion on a local d i f feomorphism f: R r~ --+ R n to be a global diffeo- 

morph i sm.  In order to show t h a t  f is a global di f feomorphism it suffices 

to exclude the  exis tence of a sympto t i c  values for f .  

The  real Jacobian  conjecture was shown to be false by S. Pinchuk.  Our  

first appl ica t ion is to unde r s t and  his cons t ruc t ion  wi thin  the  general  the- 

ory of a sympto t i c  values of polynomial  maps  and  prove t ha t  there  is no 

such coun te rexample  tbr the  Jacobian  conjecture over C.  In a second 

appl ica t ion  we reprove a theorem of Jeffrey Lang  which gives an  equiva- 

lent formula t ion  of the  Jaeobian conjecture in t e rms  of Newton polygons.  

Th i s  generalizes a resul t  of Abhyankar .  A third appl icat ion is ano the r  

equivalent  formula t ion  of t he  Jacobian  conjecture  in t e rms  of f ini teness 

of cer ta in  polynomial  r ings wi th in  C[U, V]. 

T h e  theory  has  a geometrical  aspect:  we define and develop the  theory  of 

etale exotic surfaces.  T he  s imples t  such surface corresponds  to P inchuk ' s  

cons t ruc t ion  in the  real case. In fact, we prove one more  equivalent  

formula t ion  of the  Jacobian  conjecture us ing  etale exotic surfaces.  We 

consider  po lynomia l  vector fields on etale exotic surfaces and  explore 

their  proper t ies  in relat ion to the  Jacobian  conjecture.  

In ano the r  appl ica t ion we give the  s t ruc tu re  of the  real variety of the  

a sympto t i c  values of a polynomial  m a p  f :  R 2 ~ R 2. 

R e c e i v e d  A u g u s t  5, 1996 
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1. I n t r o d u c t i o n  

The  aim of this paper  is to develop a theory for the asymptot ic  behaviour  of 

polynomials  and  of polynomial  maps  over R and over C. 

If f :  K n --+ K n is a map (K  -- R or C) then a point  X0 C K s is called 

an a s y m p t o t i c  v a l u e  of f if there exists a curve a(t)  = ( X l ( t ) , . . . , X n ( t ) ) ,  

0 < t < c~, which extends to oo so tha t  

lim f ( a ( t ) )  = X0; 
t - - + ~  

a(t)  is called an  a s y m p t o t i c  c u r v e  of f .  

If f = ( f l , - . . , f n )  and X0 = (X01 , . . - ,X0n) ,  then  we say tha t  Xoj  is an  

asympto t ic  value of the funct ion f j ,  j = 1 , . . . ,  n. 

A well known theorem of J. Hadamard  [4] gives a necessary and  sufficient 

condi t ion  on a local diffeomorphism f :  R n --+ R" to be a global diffeomorphism 

(Section 2). As a consequence one deduces tha t  in order to show tha t  f is a 

global diffeomorphism it suffices to exclude the existence of asymptot ic  values 

for f .  Hence the relevance of the s tudy of asymptot ic  values of polynomials  and  

polynomia l  maps  to problems of the type of the Jacobian conjecture [2], [17]. 

Let F: K n --~ K s be a polynomial  map ( K  = R or C). Let us denote by J ( F )  

the de t e rminan t  of the Jacobian of F .  The celebrated Jacobian conjecture is the 

following s ta tement :  / f  J ( F )  never vanishes then the map  F is injective. 
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Indeed, originally, the problem was stated over K = C (even K = Z) and was 

conjectured by O. Keller [5]. In this setting the assumption can be rewritten as 

J(F) �9 C* (by the Fundamental Theorem of Algebra) and the conclusion can be 

rewritten as: F is invertible in the ring C [ X I , . . .  , Xn] [3]. 

For K =R it is known that any injective polynomial map F: R n --+ R n is 

surjective [6], [16]. This result was generalized by A. Borel to real algebraic 

varieties. 

The conjecture for K = C is still open for n > 2. We shall concentrate on the 

c a s e  n ~- 2.  

However, recently the real conjecture was shown to be false by S. Pinchuk [13], 

[10], [11], [12]. His beautiful counterexample is of a polynomial map (P, Q) which 

consists of two polynomials in the ring R[t, h, f] where 

t = X Y - 1 ,  h = t ( X t + l ) ,  I = ( X t + I ) 2 ( h + I ) / X .  

If we define 

U 1 ~- Y,  u 2 = X Y ,  u 3 = X 2 y -  X ,  

then one easily checks that, in fact, Pinchuk's polynomials belong to the ring 
RM, u2, ua]. 

This ring is a special one. It arises naturally in our theory of asymptotics. To 

explain how, let us define the following birational map: 

R(x, Y) = (x x + x r). 

Then the ring R[Ul, u2, ua] consists of all the polynomials P(X,Y)  c R[X,Y] 
with the property 

(Po R)(X,Y) = P(X-1 ,X  + X2Y) = A(X,Y) �9 R[X,Y] 

(Proposition 6, Section 6). We denote this ring by I(R(X,Y)). We say that  

the polynomials in I(R) satisfy an  a s y m p t o t i c  i den t i t y  w i th  respec t  to  t he  

rat ional  m a p  R(X, Y). 
If (P, Q) is any pair of polynomials in I(R), then the map they induce satisfies 

the following double  a s y m p t o t i c  ident i ty :  

P(X -1, X + X2y) = A(X, Y) e nix ,  Y], 

Q(X-1,X + X2Y) = B(X,Y) �9 R[X,Y]. 

Thus limx-+o(P, Q)(X -1, X + X2y) = (A(O, Y), B(O, Y)), so that  the points of 

the affine algebraic curve (A(0, Y), B(0, Y)) are all asymptotic values of the map 
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(P, Q). As a consequence of this and of the Theorem of Hadamard, in order to 

construct a counterexample to the real Jacobian conjecture it suffices to find a 

Jacobian pair within I(R(X,  Y)). This was demonstrated in Pinehuk's work. 

It might be tempting to look for a counterexample for Keller's problem (K = C) 

in the ring I (R(X,  Y)). Any such example, if it exists, should be of a high degree 

(at least 100, see [9]). However, one consequence of our asymptotic theory is the 

following (Theorem 17, Section 8): There is no counterexample to the complex 

3acobian conjecture with coordinates in C[V, VU, VU 2 + U] (see [11]). 

In fact, there is no such counterexample in a much wider family of rings. Thus 

one cannot hope to find a eounterexample to Keller's problem which is of the 

type constructed by Pinchuk. 

The usefulness of the theory of asymptotics lies in that it puts under one 

frame results which are algebraic and results which are algebro-geometrie. Let 

us mention a few instances of this. 

A well known theorem due to Abhyankar [1] asserts the following: Every Jaco- 

bian pair is an automorphic pair iff the Newton polygons of every Jacobian pair 

are triangles with vertices on the coordinate axes. 

Jeffrey Lang [7] proved a stronger statement, namely: Every Jaeobian pair is 

an automorphic pair iff the Jacobian condition implies that the Newton polygons 

have no edges of a positive slope. 

We prove this last theorem of Lang (Section 4) by analysing the simple relations 

between the Newton polygon and Walker's boundary of a polynomial. This last 

device is essential in our theory of asymptotics to derive the various types of 

asymptotic identities in the complex case (see [18], page 98 and Section 3). 

As another algebraic application we give (Section 6) the following equivalent 

formulation to the Jacobian conjecture (Theorem 12, Section 7): The complex 
Jacobian conjecture is true iff any Jacobian pair P(U, V), Q(U, V) C C[U, V] 
induces a finite map f = (P, Q). Indeed, this is merely a simple conclusion of the 

fact that  the subalgebra I(R) of C[U, V] is not finite over C[U, V] (Definition 9, 

Section 7) for any rational map R(X, Y) which is not polynomial (Theorem 11, 

Section 7). 

As for the geometrical aspects of this theory, these are related to the theory 

of exotic surfaces [12]. We are naturally led to define a new type of exoticity 

(stronger than the standard one). We say that a surface (affine) S is etale exotic 

if: 

(a) There is a diffeomorphism ~b: C 2 -+ S which is realized by a birational 

map ~b. 
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(b) There is no regular etale map S -+ C 2 (into C2). 

An example of such a surface is the surface $3 C_ C 3 that is parametrized by 

X = V, Y = VU, Z = VU 2 + U. 

Note that these are exactly the generators ul, u2, u3 of I (X  -1, X 2 y  - X )  from 

where Pinchuk extracted his polynomials. The affine closure of $3 is X Z  = 

Y ( Y + I ) .  It is rather standard to show that $3 is not isomorphic to C 2 (Theorem 

13, Section 8). 

In fact, if we regard $3 to be a real surface (in R3), then it cannot be mapped 

diffeomorphically onto R 2 by a polynomial map (Theorem 14, Section 8). 

However, according to Pinchuk there are regular etale maps $3 --+ R 2 

(Theorem 15, Section 8). 

As mentioned above, the situation is completely different for the complex Sa 

(since it is etale exotic). This is a special case (N = 2) of Theorem 16 (Section 

8), that provides us with a whole family, SN, of etale exotic surfaces. SN is 

embedded in C N. 

The proof of that theorem is purely algebraic and long. If one could prove such 

a theorem for all of the surfaces Sn (see the definition of Sn prior to Proposition 9, 

Section 8) then this would prove the validity of the complex Jacobian conjecture. 

Using a theorem of H. Kraft that identifies the space SL2 (C)/C* with the affine 

closure of Sa, X Z  = Y ( Y  + 1), we can deduce that there are no regular etale 

maps SL2(C)/C* ~ C 2. 

Finally, we mention that some innocent looking surfaces such as the complex 

sphere X 2 + y2  + Z 2 = 1 cannot be regularly etale mapped into C e (Theorem 

22, Corollary 5, Section 8). 

In Section 9 we consider some polynomial vector fields on etale exotic surfaces. 

We explain the following phenomenon: For any two polynomials P (X ,Y ,Z ) ,  

Q(X,Y,  Z) E C[X,Y, Z] the vector field V P  x VQ (the vector product of the 

gradients) on $3 always contains vectors which lie in the tangent plane to $3 at 

the point of evaluation. 

This is merely a special case of Theorem 24, Section 9. We explain (Propo- 

sition 13, Section 9) how the standard proofs of such properties with respect to 

smooth functions are based on the Stokes Theorem. However, the Stokes Theo- 

rem requires compactness of the surface, which is certainely not the case in our 

algebraic surfaces. On the other hand, we need the conclusion only for polyno- 

mial fields (and not just any smooth fields). Thus maybe there is some version 

of an Algebraic Stokes Theorem. 
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All the above motivates study of the asymptotics of polynomials and of poly- 

nomial maps. We study the structure of asymptotic identities in Section 3, for 

K = R, and in Section 4, for K = C. We give there a few theorems - -  alge- 

braic in nature - -  which have some interest on their own. For example, we give 

the structure of the real variety of the asymptotic values of a polynomial map 

f :  R 2 -+ R 2 (Theorem 4, Section 3) (see [10]). 

We hope that  the results presented in this paper will motivate further research 

on the asymptotics of polynomials. 

2. A t h e o r e m  o f  J .  H a d a m a r d  a n d  a s y m p t o t i c  va lues  

We refer to the paper by J. Hadamard [4]. A copy of this paper appears also in 

J. Hadamard  Selecta (145-159). 

Let f :  R n --+ R n be a C 1 map such that  for any x E R n, det Y(f)(x) r 0. For 

each x E R ~ we let 

N ( x )  = 1/II D71(x)  II; 

D f  is the differential of f and D~ -1 is its inverse operator. For any R > 0 we 

denote 

#(R) = min N ( x ) .  
Hxll=R 

THEOREM (J. Hadamard,  [4]): I f f  satisfies 

/f (1) # ( R ) d R  = oo 

then f is a global dif feomorphism of  R n onto R n. 

Since the integrand in (1) gives a lower bound to the length dilatation at 

distance R from the origin, and since by continuity of the dilatation (in our case) 

there are curves that  extend to oo that  at tain this bound as close as we please, 

we can restate condition (1) as follows: 

The  image of  any curve 

(2) a(t) ,  O <_ t < ~ ,  

which ex tends  to oo under f ,  i.e. f ( a ( t ) ) ,  0 < t < oo is a non-rectifiable curve. 

Definition 1: Let f :  R n -+ R ~ be any smooth map. A point x0 E R ~ is called an 

a s y m p t o t i c  va lue  of f if there exists a piecewise smooth curve a(t) ,  0 < t < oo, 

which extends to c~ so that  

lira f ( a ( t ) )  = x0; 
t--4oo 
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or(t) is called an a s y m p t o t i c  cu rve  of f .  

If we use the coordinate notations f = ( f l , . . . ,  fn) , x0 = (x01, . . - ,  x0~) then 

we call x03 an asymptotic value of the function f3, J = 1 , . . . ,  n, and a(t) is called 

an a s y m p t o t i c  c u r v e  of f3. 

Remark  1: Asymptotic values correspond to infinitely far intersection points of 

the projective closures of the hypersurfaces f ~ ( x l , . . . ,  xn) = x0i, i = 1 , . . . ,  n. 

PROPOSITION 1: Let  f: R ~ -+ R ~ be a C 1 map. I f  f has no asymptot ic  values 

then f satisfies condition (2). 

Proof: We assuIfie in order to get a contradiction that f does not satisfy 

condition (2). Let or(t), 0 < t < oc, be a curve such that l i m t - ~  I[ a(t) 1]2= oc 

but the length of f(~r(t)), 0 < t < ec, is L < oc. 

We verify the Cauchy condition for f(cr(t)): 

Ve > 0 3t(e) such that Vtl , t2  > t(e), II f ( a ( t t ) )  - f (a ( t2 ) )  LI2< ~. 

If not, then there is an e0 > 0 and a sequence 0 < tl < t2 < - "  < t m  --+ oo such 

that  

I l f ( a ( t 2 j ) ) - f ( a ( t 2 3 - 1 ) ) [ [ 2  >e0,  j = 1 , 2 , 3 , . . . .  

But this implies the contradiction 

oo 

L > E 1[ f(cr(t2j)) - f(cr(t2,_l)) [12 = oo. 
3 = 1  

Hence limt-~oo f ( a ( t ) )  = xo exists. But this contradicts the assumption on f .  
| 

3. On  t h e  a s y m p t o t i c  cu rves  o f  p o l y n o m i a l s  an d  p o l y n o m i a l  m a p s  

ove r  R 

The real Jacobian conjecture [14] was the following assertion: Let F: R n -+ R n 

be a polynomial  map such that det J ( F )  never vanishes; then F is a global 

dif feomorphism of  R n onto R n. 

This conjecture was shown to be false by S. Pinchuk [13]. Pinchuk's beautiful 

eounterexample is of a polynomial map (P, Q) which, in fact, consists of two 

polynomials in the ring R[t, h, f] where 

t = X Y - 1 ,  h = t ( X t + l ) ,  f = ( X t + l ) 2 ( h + l ) / X .  
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It is arranged so that det J(P, Q) is a sum of three squares of polynomials that 

have no common real zero. Hence det J(P, Q) is always positive. 

If we define the following polynomials 

ul = Y, u2 = XY, u3 = X 2 Y -  X, 

then we can write the primitive polynomials that Pinchuk used as follows: 

t = u2 - 1, h = (u2 - 1)(u3 4- 1), f : (~3 4- 1)2((U2 -- 1) 2 + Ul). 

Thus, the coordinate polynomials P, Q in the counterexample belong to the ring 

This last ring of polynomials has a very special property. In order to explain 

this property let us define the following birational map: 

I~(X,Y) ~- ( x - l , x  4- X2y).  

Let us denote by I(R) the set of all those polynomials P(X, Y) E R[X, Y] such 

that 
(P o J~)(X, Y) = P(X  -1, X 4- X2y)  = A(X, Y) ~ ]~[X, Y]. 

We say that P(X, Y) satisfies an asymptotic identity with respect to the rational 

map [r Thus I(R) consists of all those polynomials in R[X, Y] that satisfy an 

asymptotic identity with respect to R(X, Y). 
Clearly, ul, u2, ua E I(R) and so R[ul, u2, u3] C_ I(R) (in fact we will see later 

that R[u~, u2, u3] = I(R)). Hence also the coordinate polynomials in Pinchuk's 

construction are in I(R). 
If we take any pair of polynomials (P,Q) from I(R), then they satisfy the 

following double asymptotic identity: 

P ( X  -1, X + X2V) = A(X, Y) e n ix ,  V], 

Q(X -1, X + X2Y) = B(X, Y) e R[X, Y]. 

Hence we have 

lim (P, Q ) ( X  - 1  , X -}- X2y)  z lira (A(X, Y), B(X, Y)) = (A(0, Y), B(0, Y)). 
X--~0 X--+0 

Thus all the points on the real algebraic (affine) curve (A(0, Y), B(0, Y)), Y C R, 

are, in fact, asymptotic values of the map (P, Q) (they are realized by the rational 

curve (X -1, X + X2Y)  where X --+ 0, X r 0 and Y is fixed). 

So by Hadamard's Theorem the map (P, Q) cannot be a global diffeomorphism. 

As a consequence, in order to construct a counterexample to the real Jacobian 
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conjecture,  it suffices to find a Jacobian pair (P, Q) whose coordinate polynomials  

are in I (R) .  

Hence all tha t  one needs is a method to find P, Q E I (R)  with det J ( P ,  Q) > 0 

always. It is assured in advance that  any such map is not injective. This was 

demons t ra ted  nicely in Pinchuk 's  paper [13]. 

In this section we will show that  in order to prove that  a given polynomial  map  

is injeetive, it suffices to exclude the existence of a certain type of asymptot ic  

values. These asymptot ic  values are called either X-finite or Y-finite. 

Then  we will discuss the s tructure of tile corresponding asymptot ic  curves. 

The  map tha t  was constructed by Pinchuk has the simplest Y-finite asymptot ic  

c u r v e .  

Definition 2: An asymptot ic  curve a(t)  = (X ( t ) ,Y ( t ) ) ,  0 < t < oc, of 

a polynomial  P ( X , Y )  E R[X,Y] or of a polynomial map (P ,Q)  is called 

X - f i n i t e  (Y-f ini te)  if l i m t _ ~  [ Y(t) 1= oc while - e c  < l imt_,~ X( t )  < oc 

( l i m t ~  I X( t )  I = oc while - o c  < l i m t ~  Y( t )  < oc). The corresponding 

asymptot ic  value is called a n  X - f i n i t e  (Y- f in i t e )  a s y m p t o t i c  va lue .  

Remark  2: X-  and Y-finite asymptot ic  values mean that  tile projective closure 

of the curve P(X ,  Y)  =const .  (or the curves P(X ,  Y)  =const . ,  Q(X,  Y)  =const . )  

passes through the infinitely far point of intersection of the X-axis  or the Y-axis. 

Definition 3: A continuous real-valued function g: [0, oc) --+ R is said to be 

a l m o s t  m o n o t o n i c  if for any r0 E R there is a T(ro) such that  g(t) r ro for 

t > T(ro). 

Remark  3: If 9 is almost monotonic  then l i m t ~  g(O exists. It might be oe 

o r  - - o o .  

PROPOSITION 2: Let f: R 2 --+ R 2 be a polynomial map that satisfies the 

dacobian condition 

V(X,Y)  e R  2, d e t J ( f ) ( X , Y )  r  

Let or(t) = ( X ( t ) , Y ( t ) ) ,  0 (_ t < oo, be an asymptotic curve o f f .  

Then X ( t ) and Y ( t ) are almost monotonic. 

Proof: Let us prove tha t  Y( t )  is almost monotonic.  We assume, in order to get a 

contradict ion,  tha t  there is a r0 E R and a sequence 0 < tl < t2 < ' "  < t 3 --~ oo 

such tha t  

Y( t j )  = ro, 3 = 1 , 2 , 3 , . . . .  
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Since limt-~0o, n a(t) []2--- oo it follows that 

(3) lim ]X(t2) ]= oo. 
3-400 

Let us represent the polynomial coordinates of f (X ,  Y)  as polynomials in X: 

P ( X , Y )  = Pn(Y)X  n + . . .  + P i ( Y ) X  + Po(Y), 

Q ( X , Y )  = Qm(Y)X  "~ + . . .  + Q I ( Y ) X  + Qo(Y). 

Since the limit 

Isr. J. Math. 

V(x, Y) E R 2, 

and that also satisfies 

(4) deg P = deg x P + deg v P 

d e t J ( f ) ( X , Y )  r O, 

(or deg Q -- deg x Q + degy Q). 

Then any asymptotic value of f is either X-finite or Y-finite. 

Proof: Let a(t) = (X(t), Y(t)),  0 <_ t < 0o be an asymptotic curve of f .  Then 

by Proposition 2 the limits limt-4ooX(t), limt-~oo Y(t)  exist. By (4), however, 

one of these limits must be finite. | 

Definition 4: Let f: R 2 --4 R 2, f (X ,  Y)  = (P(X, Y), Q(X, Y)) be a polynomial 

map. Let k be a non-negative integer such that 

(5) deg x P < 2k + 1. 

lira P(X(t~), Y(t~)) = lira P(X(t3) ,ro) 
2 - 4  oo 3 - 4 0 o  

exists and is finite, it follows by (3) that 

Pn(ro) . . . . .  P,(ro) = O. 

Similarly, we obtain for Q(X, Y) 

Qrn(~'0)  . . . . .  Q I ( T 0 )  = 0. 

But this implies that d e t J ( f ) ( X ,  ro) = O, which contradicts the assumption on 

f ( X , Y ) .  , 

PROPOSITION 3: Let f: R 2 --+ R 2, f ( X , Y )  = ( P ( X , Y ) , Q ( X , Y ) )  be a polyno- 

mial map that satisfies the Jacobian condition 
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T h e  s t a n d a r d  k - t r a n s f o r m a t i o n  (change of variables) is defined by 

(6) Tk: (X,Y) --+ (U, (1 + U25V). 

T h e  k - n o r m a l i z e d  f o r m  of  f is the polynomial map 

Fk = f o Tk: R2 -+ R 2, 

Fk(U, V) = f(U, (1 + U2k)V). 

We now are ready to prove our reduction theorem. 

TUEOaEM 1: Let f: R 2 --+ R 2 be a polynomial map that sat/sties the Jacobian 

condition 

V(X,Y) C R 2, d e t J ( f ) ( X , Y )  r  

Then also the k-normalized form o f f ,  Fk, satisf/es the Jacobian condition and f 

is a global diffeomorphism iff Fk has no X-l~nite or Y-~nite asymptotic values. 

Proof." Since de tJ (Fk) (U ,V)  = (1 + U Z k ) d e t J ( f ) ( X , Y ) ,  it follows that Fk 

satisfies the Jacobian condition. We note that Tk: R 2 --+ R 2 is a global diffeo- 

morphism and so, since Fk = f o Tk, it follows that f is a global diffeomorphism 

iff Fk is a global diffeomorphism. 

Thus f is a global diffeomorphism iff Fk has no asymptotic values. 

We claim that Fk satisfies condition (4) of Proposition 3. If this will be proved, 

then the conclusion will follow by Proposition 3. To prove that Fk satisfies 

condition (4) we calculate degrees 

deg(u,y ) X * Y  j = i + (2k + 1)j, 

deg U X~Y  ~ = i + 2kj, 

deg v X~Y 3 = j. 

Next, we represent P ( X ,  Y )  as follows: 

P ( X , Y )  = a,~,,~X~Y TM + Z a~3X~YJ' 
either 3<m  or 3 = m  and i < n  

where anm r 0. By (5) and (6) we obtain 

deg U X*Y  ~ <_ deg U X n Y  m, 

deg v X * Y  J <_ deg V X n Y  m, 

deg(u,v ) X*Y  ~ <_ deg(u,v) X n Y  m, 

from which it follows 

condition (4). | 

that  deg(u,v ) P = deg U P + deg v P,  so Fk satisfies 
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This reduct ion theorem was proved in an effort to prove the real Jacobian  

conjecture. However, now we know the conjecture to be false. Nevertheless, it still 

motivates the s tudy of asymptot ic  values and asymptot ic  curves of polynomial  

maps, in part icular  those tha t  are X-finite or Y-finite. 

PROPOSITION 4: Let P ( X , Y )  = P,~(Y)X n + . . .  + P~(Y)X + Po(Y) C R[X,Y] 

and let a(t) = (X(t), Y(t)) ,  0 <_ t < oo, be a Y-finite asymptotic curve of P(X,  Y)  

that corresponds to the Y-finite asymptotic value C. We denote limt-+oo Y(t)  = 

Yo. Then 

(i) Y(t)  = Yo + E ,  N ,  A , /X ( t )  %//~' + o(X(t) -~:/~N) as t -+ oo, where 

1 _< N _< n, c t l , . . . ,  C~N,/31,... ,/3N C Z + and Ctl/ /~ 1 < ' ' '  < OLN//3 N. 
N (ii) P ( X ,  Yo + ~ ,  =~ Ao/X  ~'/e, ) = C + O(X-'~*/o,) as I X I-~ oc. 

(iii) P~(Yo) = O. 

(iv) A 1 , . . . , A N - 1  depend on P ( X , Y )  only and not on C. AN depends on 

P(X,  Y)  and on C in the following way: there is a polynomial q(X) which 

depends on P(X,  Y)  only such that q(A~ N) = C. 

(v) The number  of possible values for (A1, . . . ,  AN-l) is a finite number  which 

depends on P(X,  Y)  only. (It is less than or equal to (degy P(X,  Y))=n!.) 

Remark 4: The construct ion that  we shall introduce below resembles the 

construct ion in Walker [18], page 98. See also [1]. The difference is due to 

the fact tha t  R is not algebraically closed, and so we shall take advantage of the 

fact tha t  R is ordered. Moreover, the correct bound in (v) above is deg z P(X,  Y) 

[18], Theorem 3.2, page 106. 

Proof: We shall use the short notat ion X = X(t),  Y = Y(t) in the proof. By 

the following facts: l i m X  = oc, l imY = Y0 is finite and l i m P ( X , Y )  = C is 

finite, it follows tha t  we have the following equations: 

(7) 

Pn(V)X n + ' ' "  + PI(V)X + P0(Z0) C, 

P n ( Y ) X  n-1 q-...-}- P1 (Y0) ---} 0, 

Pn(Y)X  + Pn-1 (Vo) -+ 0, 

P~(Yo) = 0 .  

If P=(Yo) . . . . .  PI(Yo) = 0, then on writing V = ]7o + r in the first equat ion 

we obtain 

i n - - ]  i 

e(P~(Yo)X~+P~_x(Vo)X + . . . + P I ( Y o ) X ) + P o ( Y o ) + O ( ~ 2 ) - + C  
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(if P'~(Yo) . . . . .  P1 (Y0) = 0 we use higher-order Taylor expansions of P3 (]I0 +4) 

about Y0). If Po(Yo) = C, then we easily see that  Y( t )  - ]Io satisfies (ii). Other- 

wise, e = ( C -  Po(Yo))/(P'n(YO)X~ + "'" + P1 (Yo)X) will lead to the conclusions. 

Thus we assume that  not all of P~(Yo) , . . . ,  PI(Yo) are zeros. We shall use the 

equations (7) from bot tom to top in order to expand Y into a fractional power 

polynomial in X and estimate the error term. We denote by kj, 1 _< j _< n, the 

smallest integer for which p(k,) rv  n_J_t_l~,10} r 0. Clearly, 1 _< k a <_ degPn-a+t,  If 

P,~-~(Yo) r 0 then, by (7), lim(Y - Yo)k~X = C n  is finite and different from 0. 

Thus we obtain 

Y = Yo + A l l  X1/kl q- o(X- l /k1)  as [X[ --+ oo. 

If  Pn_l(Yo) = O, we conc lude  t h a t  C11 

equation in (7). 

If Pn-2(Yo) r 0, we denote 

= 0 and proceed to the previous 

lim(Y - Yo)k 'X  2 = C21 , lim(Y - Yo)k2X = C22. 

If both  C21 and C22 are finite, then by (7) they satisfy the following: 

+ + = o ,  

and the following cases are possible: 

C21 r 0 and C22 = 0, then kl < 2k2; 

C21 = 0 and C22 r 0, then kl > 2k2; 

C21 r 0 and C2e r 0, then kl = 2k2 and C21 = C222. 

The case C2t = C22 = 0 is not possible, and so is the case where one is finite 

while the other is not. If both  C21 and C22 are not finite, then it must be that  

(Y  - Y o ) < X  ..~ (Y  - Yo) k= so that  k2 < kl and the limit lim(Y - Yo)kl-k~X is 

finite non-zero. 

If Pn-2(Y0) = 0, we proceed to the previous equation in (7). 

However, this algorithm must terminate after at most n -  1 steps for otherwise 

Pn(Yo) . . . . .  PI(Yo) = 0. Thus we conclude that  there are two integers a l ,  ~1 

such that  lim(Y - Y0)~IX ~1 = C1 r 0 and is finite. C1 is obtained by solving 

for (Y - Y0) an equation of the form 

(P(nkl)(Yo)/kx!)( Y - Yo) k~Xs + " "  + (e(~2+l(Yo)/ks!)( Y - Yo) k~X + Pn-s(Yo) 

= 0 or C, 
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depending on whether s = N or not, where Pn-~(Yo) r 0 and where only those 

terms (Y - Yo)k,X ~ for which i/kj is maximal count. Hence 

Z = Y o + A , X  -~m~ +o(X - ~ / ~ )  as  Ixl ~ o o .  

If s < n, we re-do the process with Y - Yo - A1 X - a l / f l '  instead of Y - }To. We 

note that none of the last s + 1 equations in (7) can determine A2 and so the 

process starts effectively with 

F~(Y)X ~+~ +. ' .  + Pn-~-~(Yo) -~ o or C, 

depending on whether s = N - 1 or not. 

This time, the output of the process gives information on linear combinations 

of elements of the form (Y - yo)b(x-~I/nl)Z~-b(X~I+~). Thus we get 

Y = Yo + A1X -~1/~1 + A2X -~2/& + o(X - ~ / ~ )  as IX I -+ oo, 

where a2//3~ > ~1//31. 

We proceed till all the equations in (7) have been used. Finally, we note that 

the last coefficient AN is either obtained with the aid of the top equation of 

(7) (s = N) or that this equation is a consequence of the previous ones. Since 

each A~ k is a solution of a different polynomial equation of degree dk in X while 

~k <_ degy P(X,  Y), and since obviously 

max{d1 ...  dN I 1 < dk <_ n are different} < n!/(n - N)! < n!, 

the number of possible different values for ( A I , . . . , A N - 1 )  is at most 

(degy P(X,  Y))nn!. I 

Remark 5: The error term O(X -a~/~l) in (ii) is a finite linear combination of 

elements of the form X -~/~. 

Remark 6: The last proposition can also be proved using Puiseux expansions for 

local branches of the projective closure of the curve P(X, Y) = C, centered at 

the infinitely far point of the X-axis. 

We are now ready to prove our theorem on the equivalence between the fact 

that  P(X,  Y) has a Y-finite asymptotic value and the fact that P(X,  Y) should 

satisfy a corresponding asymptotic identity. 

THEOREM 2: Let P ( X , Y )  = P n ( Y ) X  n 4- . . .  4- Po(Y) e R[X,Y]. A number 

C E R is a Y-finite asymptotic value of P(X, Y) iff there are integers k > 1, 
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1 < N < n, 1 <_ al < ".. < aN real numbers, Ao, . . . ,  AN-1 C R and polynomials 
Bo(Y) , . . . ,  BM(Y) E R[Y] such that the following identity holds true: 

(8) 
P ( x - k , A o  + A1 X~I + . . .  + A N _ i X  aN-' -1-yX ~N) 

: n 0 ( Y )  -I- ~ I ( Y ) X  ~-' '" + B M ( Y ) X  M 

and C = Bo(Yo) for some go E R. 

Proof: One direction follows from Proposition 4 and from the remark that 

follows its proof (after substituting X -k for X in (ii) of that proposition with a 

large enough k ) .  

The other direction is easier, for if (8) holds true and if we take 

a(X) = (X -k, Ao + . . .  + AN_IX aN-' + yXaN), 

for X near 0, then a(X) is a Y-finite asymptotic curve of P ( X , Y )  and 

limx-~0 P(a(X)) = Bo(Y), which shows that Bo(Y) is the corresponding Y- 

finite asymptotic value of P(X,  Y). | 

Remark 7: The smallest value of k in the last theorem depends on the Y-finite 

asymptotic curve only. It has the purpose of getting rid of the denominators 

/31,...,/3N in (ii) of Proposition 4. 

Thus, in particular, if P, Q E R[X, Y] share such an asymptotic curve then 

they will have the same smallest possible exponent k. 

COROLLARY 1: Let P ( X , Y )  C R[X,Y]. Then (X(t),Y(t)),  0 <_ t < oe, is a 
Y-tinite asymptotic curve of P(X, Y) that corresponds to the asymptotic value 

C iff ( -X( t ) ,  Y(t)) is a Y-/~nite asymptotic curve of P(X, Y) that corresponds 

to the same C. 

Definition 5: Let P(X,  Y) E R[X, Y] have Y-finite asymptotic values. The iden- 

tity (8) with the smallest possible value of k will be called a Y-fini te  a s y m p t o t i c  

i d e n t i t y  of P(X,  Y). The polynomial A(X, Y) = Bo(Y) + ' . .  + BM(Y)X  M will 

be called the dua l  p o l y n o m i a l  of P(X, Y) (with respect to the identity (8)). 

The polynomial Ao + " .  + AN-1X N-1 + Y X  g will be called the a s y m p t o t i c  

c o o r d i n a t e  of P(X,  Y) (with respect to the identity (8)). k will be called the 

e x p o n e n t  of the Y-finite asymptotic curve of P(X, Y). 

Remark 8: We recall from the proof of Proposition 4 that A0 must be a zero 

of Pn(Y) and that  there are at most (degyP(X,Y))nn! different asymptotic 

coordinates of P(X,  Y). 
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Finally, the Y-finite asymptotic values of P ( X ,  Y )  coresponding to the Y-finite 

asymptotic curve that induces (8) are precisely Bo(Y),  Y E R. 

THEOREM 3 (The Duality Theorem): I f  P ( X , Y )  C R[X,Y]  has a Y-finite 

asymptotic curve of exponent k with the asymptotic coordinate 

Ao + A 1 X  al ~- " �9 ~- AN-1 XaN-~ n t. Y X  aN , 

and with the dual polynomial A(X ,  Y) ,  then A(X ,  Y )  has a Y-finite asymptotic 

curve of exponent 1 with the asymptotic coordinate 

_ A N _ I X a N - a N  . . . . . . .  A1xaN-a l  ~_ y x a N  

and with the dual polynomial P ( X  k, Y + Ao). 

Proof: The inverse map of 

U = X -k,  V = Ao + . .. + A N _ I X  aN-, + Y X  aN, 

is given by 

X = U -1/k, Y = - -AN_IU (aN-aN-')/k . . . . .  A 1 x ( a N - a l ) / k + ( V - A o ) U  aN/k. 

Since P ( X - k ,  Ao + . . .  + A N _ i X  ~N-' + Y X  aN) = A ( X , Y ) ,  we obtain after 

replacing U by U k and V - A0 by V 

P(U k, V + Ao) = A(U -1 , --AN-1 URN-aN-1 . . . . .  AI UaN-a' -~ VUaN), 

which is a V-finite asymptotic identity of A(U, V) with the parameters that are 

described in the statement of the theorem. 1 

COROLLARY 2: I r A ( X ,  Y )  = Bo(Y)  + ' "  + B M ( Y ) X  M is a dual polynomial of 

some P ( X ,  Y) ,  then BM(O) = O. 

Proof: By the duaI asymptotic identity given in the proof of the Duality 

Theorem we see that  the free term of the asymptotic coordinate of A ( X , Y )  

is 0. This, however, must be a zero of BM(Y)  by the remark that precedes the 

statemen~ of the Duality Theorem. | 

COROLLARY 3: I f  P ( X ,  Y )  C R[X, Y] satisfies the Y-finite asympotic identity 

(8), then 
! 

lira U-aN/kpv (u ,  V) = B0(Y), 
U - + o o  

! 

lira U-(aN-~I-k)/kPg(U, V) = a lA1Bo(Y) / k ,  
U - +  o o  
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where as usual 

U = X -k, V = Ao + A1X a' + "" + A N - 1  X a N - '  q- Y X  aN. 

Proof: Differentiation of (8) with respect to Y gives the first Limit on letting 

Ix I-+0. 
Differentiation of (8) with respect to X yields 

- -  k X a N  - 1  - a t  --k PU (U, V) + (al A1 +a2A2X a2 - s t  §247 -a l  )XaN PV (U, V) 

= X ~ N - ~ + I ( B I ( y  ) + . . .  + MBM(Y)XM-1) .  

On letting [ X I--+ 0 we get, using the first limit, 

I 

- k  lira XaN-~I-kpu(U, V) + a~A1Bo(Y ) = O, 

which proves the second equation. I 

We now turn to polynomial maps over R. Suppose that  

f (X ,  Y)  = (P(X, Y), Q(X, Y)  ) 

is a polynomial map  that  has a Y-finite asymptotic value. According to what  

we have established the corresponding curve induces an asymptot ic  identity tot 

P(X,  Y)  and an asymptot ic  identity for Q(X, Y)  that  share the same exponent 

and the same asymptot ic  coordinates (for these come from the fractional power 

expansion of the curve, and this expansion is unique). Thus we have 

(9) 
P ( X - k , A o  + A~X al + . . .  + AN_ iX  ~N-1 + Y X  aN) = A ( X , Y )  e R[X,Y], 

Q(X -~, do + A,XaI + ... + AN-1X ~ -1  + Y X  aN) = B ( X , Y )  E R[X,Y]. 

We shall say that  the map f (X ,  Y)  satisfies t h e  d o u b l e  a s y m p t o t i c  i d e n t i t y  

(9). 

Remark 9: The map that was constructed by S. Pinchuk [13] satisfies a simple 

double asymptotic identity. Its parameters are k = I, A0 = 0, Aj = i, aj = I, 

a2 --2, N = 2. 
We are now ready to state a theorem on the geometric structure of the loci of 

the asymptot ic  values of a polynomial map over R, and to prove it. 

THEOREM 4: Let f ( X ,  Y)  be a polynomial map over R. Then the set of all the 

asymptotic values of f ( X ,  Y)  consists of a finite number of real plane (affine) 

algebraic curves. These curves have one of the following three forms: 
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(a) {(A(X),B(X)) I X ~ R} where A, B c R[X]. 

(b) {(A(X),B(X)/(1  + A(X)2k)) ] X E R} where A,B E R[X], k C Z +. 

(c) {(A(X)/(1 + B(X)2k), B(X)) I X e R} where A, B �9 RIX], k �9 Z +. 

The number of the curves as well as the degrees degA(X), degB(X) can be 

bounded by bounds that depend on deg f only. 

Proof: Let us consider the k-normalized form of f ,  fk.  As we proved already 

in Theorem 1, Fk can have only X-finite or Y-finite asymptotic curves. We shall 

show that  the set of all the asymptotic values of Fk consists of finitely many 

algebraic curves of the form (a). Since Fk = f o Tk and Tk is invertible with 

an inverse map (X, Y/(1 + X2k)) (or (X/(1 + y2k), y) if we use for Tk the map 

(U(1 + v2k), V)), this will imply that the set of all the asymptotic values of f 

consists of finitely many curves of types (a), (b) or (c) as desired. Thus we may 

assume that our map has only Y-finite asymptotic values. We recall that if a 

Y-finite asymptotic curve is such that Y0 = limtooo Y(t), then !/0 is a common 

zero of Pn(Y) and Qm(Y) where 

f (X,  Y) = (Pn(Y)X n +. . .  + Po(Y), Qm(Y)X ~'~ +""  + Qo(Y)). 

So there are at most min{degP,~,degQm} possible values for I70- By 

Theorem 2 any Y-finite asymptotic value (a, b) is of the form (A(0, Y1), B(0, !/l)) 

for some Y1 C R, where A(X,Y) ,  B(X ,Y)  are dual polynomials to the 

components P(X, Y), Q(X,Y)  of the map f (X,  Y), and conversely, any point 

(A(0, Y), B(0, Y)) is a Y-finite asymptotic value of f (X,  Y). 

As we already know, 

deg A(O, Y) ___ degy P(X, Y), deg B(O, Y) < degv Q(X, Y). 

Also, the number of different A(X, Y) is at most (degy P(X, Y))nn! and the 

number of different B(X, Y) is at most (degy Q(X, Y))mm!. These complete the 

proof of the theorem. | 

We end this section by pointing out two properties of Y-finite asymptotic 

identities which are satisfied by maps having a constant non-zero Jacobian. 

PROPOSITION: Let f (X,  Y) = (P(X,Y),  Q(X, Y)) be a polynomial map such 

that det J ( f ) (X ,Y)  - 1 and such that f ( X , Y )  satis/~es the double asymptotic 
identity (9). Then: 

(a) The polynomials OA/OZ(Z, W), OB/OZ(Z, W) considered over C have no 

common zero of the form ( Zo, Wo ), where Zo ~ O. 
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(b) k + 1 < aN, and there is equality iff (A(X, Y), B(X, Y)) is a ,lacobian pair. 

Proof: To see that (a) holds true we differentiate (9) with respect to X and re- 

place (X, Y) by the complex (Z, W) in accordance with the permanence principle. 

We get 

-IcZ-(k+I)P z ~- (alA1 Za~-I + , . .  -~ aNWZaN-1)P W = OA/OZ(Z, W), 

_hZ-(k+l)Qz + (alA1Zal-1 + . . .  + aNWZaN-1)Q w = OB/OZ(Z, W). 

PLugging in (Z, W) = (Zo, Wo) and assuming that 

OA/OZ(Zo, ~ ) )  = OBlOZ(Zo, Wo) = O, go r 0 

will contradict the assmnption det J(f)(Z,  W) ==- 1. 
To see that (b) holds true we note that, by the chain rule, we have 

det g(d, B)(X, Y) = - f i X  ~N-k-1 det J(I)(U, V), 

so by the assumption on f (X ,  Y), 

det .J ( A, B) = - k  X ~N-k-1, 

and (b) follows. | 

Along the lines of property (b) we can add a few more inequalities that are 

related to asymptotic identities. 

PROPOSITION: 

(c) If P ( X , Y )  C R[X,Y] (or C[X,Y]) and satisfies the asymptotic identity 
(8), then 

M < aN degy P(X, Y), k deg X P(X, Y) <_ aN degr  P(X, Y). 

(d) If f ( X , Y )  = ( P ( X , Y ) , Q ( X , Y ) )  is a polynomial map that satisfies the 
condition det J ( f ) ( X, Y) 5s 0 V(X, Y) C R 2 (or C 2) and satisfies the double 
asymptotic identity (9), then 

aN <_ max{deg X A(X, Y), deg x B(X, Y)}. 

Proof: To see that (c) is true we write 

P (X  k, Ao+A1/X  ~' + . . . + A N - 1 / X  ~ - '  + Y / X  ~ ) = Bo (Y )+"  "+BM(Y) /X  M. 
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If P(U,V) = ~ a ~ U * V  a, 1 < i < deg u P(U,V), 1 < ] <_ deg v P(U,V), Lhen 

]~_a,,Xk'(Ao + A~/X ~' + . "  + Y/X'~N) ~ = Bo(Y) + . . .  + B M ( Y ) / X  m. 

Hence M = aNJo -- kio < aNjo <_ aN degy P(X,Y) ,  which proves the first 

inequality of (c). If 

V = Ao + A 1 / X  ~'' + . "  + A N - ] I X  a'N-' + f I X  e'N , 

then Y = XaNV + r  where r  = --xaN(Ao + ' ' '  + AN_ffX~'N-'). So 

P ( X t  v) -- 

Bo(X aN v + r + BI (X aN V + r  + . . .  + B M(X any + r  M. 

Hence k deg x P(X, Y) = aN deg Bao - 30 ~< aN deg Bao <_ aN degy P(X, Y). 

To see that  (d) is true we witI denote 

A(X,Y) = Bo(Y) + BI(Y)X + . . .  + BM(Y)X M, 

B(x,  Y) = co(Y) + C,(Y)X + . . .  + CL(Y)X L, 

Then by (9) with the same ~b(X) as above we have 

M 

P ( x t  z) = F_X-'B~(X~NY + r 
3=0 

L 

O.(x~,Y) = ~ x-~c,(x",Y + r 
2=0 

Hence 
M 

OP/OY(X k, Y) = ~ X ~N-JB~ (X ~N Y + r  

j=O 

t, 

oO./oY(xt Y) = ~,  x ~ - ' c ;  (x~"Y + o(x)). 
j=O 

So if aN > max{M, L} we would get OP(O, y)/OY(O, Y) = OC2/OY(O, Y) = O. 

| 
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4. Asymptotic identities in the complex case 

For this case of an algebraically closed field we will use the method developed in 

[18]. See also [1]. A key theorem concerning parametrizations of algebraic curves 

can be formulated as follows 

THEOREM 3.1 ([18], page 98): K(x)* is algebraically closed. 

The proof of that theorem given in [18] has the advantage of being constructive, 

and we shall use this method to construct asymptotic identities for complex 

polynomials. We shall refer to this construction as Newton's algorithm. 

An important device in Newton's algorithm is a certain Newton polygon which 

differs from the standard Newton polygon; see [1], [7]. In the next section we shall 

explore the relations between the two types of polygons and apply asymptotic 

identities in order to prove a result of J. Land [7]. 

The typical identities we shall get are described as follows. 

Definition 6: Let P ( X , Y )  C C[X,Y], b E C. An X-asymptotic identity of  

P(X,  Y) at  level  b is an identity of the following form: 

P( (X  - b) k + b, (X - b) - l(do + dl  (X - b) +. . .  + AN-I (X - b) N-1 + Y ( X  - b)N)) 

= A(X, Y), 

where k,l E Z +, A0 , . . . ,AN-~  �9 C, A ( X , Y )  �9 C[X,Y]. A ( X , Y )  is called the 

dua l  p o l y n o m i a l  of P(X,  Y) with respect to the identity. 

Remark 10: If P(X,  Y) satisfies an X-asymptotic identity at level b with a dual 

polynomial A(X, Y), then this identity induces the following set of asymptotic 

values of P(X,  Y): 

{A(b,Y) LY �9 C}. 

Let P ( X , Y )  = Pn(X)Y  n + ' "  + PI (X)Y  + Po(X) �9 C[X,Y] satisfy the 

following condition: 

There exists an m, 0 < m < n, such that 

(10) O(Pm(X)) < O(Pn(X)). 

Here, as in [18], page 89, O(P,~(X)), the order of Pro(X), is the smallest 

effective degree of X in Pro(X). 

Let a �9 C. Then by Theorem 3.2 [18], page 106, there exists a unique set of 

elements YI(X, a) , . . . ,  Yn(X, a) in C(X)* such that 

n 

P ( X , Y )  = Pn(X) H ( Y  - Ya(X,a)) + a. 
3 = 1  
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Thus for each j = 1, 2 , . . . ,  n we have a representation 

o o  

= x % ( a ) X 4 V ,  

z ~ 0  

where v a E Z +, 'u s E Z and o%(a) are algebraic in a. The Newton polygon of 

Walker (whose vertices are (j, O ( P  a (X))),  j = 0 , . . . ,  n) must have segments of 

positive slope (by condition (10)). 

Remark  11: Given a E C, we could replace condition (10) by 

(11) O ( P o ( X )  - a) < o ( P . ( X ) )  

in order to get the same conclusion about  the Newton polygon. 

Hence there exists a j0, 1 < jo _< n, such that  %o r Z +. From now on we will 

fix j = J0- We have the following identity: 

(9O 

P ( X ,  X -~'o/~'"' ~-" (~o ~(a~X ) - a. 
z=0 

We can think of the last identity more precisely as follows. For each s E Z + 

there exist re(s), n(s) r Z such that  

8 

P(X,X -'J~176 X - ' a  ta~XZ/O,o 
l = O  

.~(s) 

~=.(~) 

for some fixed L C Z + (in fact 1 < L _< %o) and fixed algebraic functions b~(a), 

where l i m s + ~  n(s) = oc. 

Let s = N be the first for which n ( N )  > 0. We note tha t  in Newton 's  algori thm 

[18], page 98, the number  P0(0) - a = a0 was involved in comput ing  the values 

of c from ~ a h c  h = 0 for all the stages s < N.  Hence c~o(a)  are numbers  

independent  of a for 0 < i < N - 1. a0 was involved in the computa t ions  for the 

first t ime when s = N,  where we had an equation of the form 

(P0(O) - a) + E a h e h  = 0 

to solve. If  we denote Y = c, we obtain 

a = Po(0) + Z ahYh = Bo(Y)  e C[Y]. 

Finally, we replace X by, say, XV,o c. Thus we can formulate the following 
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THEOREM 5: Let P(X, Y) = Pn(X)Yn+ . . .+ PI(X)Y + Po(X) �9 C[X, Y] satisfy 

0 < O(Pr~(X)). Then P(X, Y) satisfies X-asymptotic identities at level O, 

P (Xk ,X- I (Ao  + A I X  + . . .  q- AN_I  X N - 1  q- y x N ) )  

= n o ( Y  ) -[- B I ( Y ) X  Jr- . . . .  }- B M ( Y ) X  M �9 C[..~, g ] ,  

The number of such identities with minimal k, N is at most degy P(X, Y). 

Remark 12: Condit ions (10) and (11) are essential for the finiteness assertion 

of the theorem. For example, let P(X ,Y )  = X Y  - X ~. Then the only X-  

asymptot ic  identity satisfied by P(X, Y) is P(X, Y / X )  = Y - X 2. Any a :/; 0 

is an asymptot ic  value of P(X, Y) which is at tained along one of the canonical 

curves, i.e., {(X, a/X)  ] X �9 C*}. However, a = 0 is not a t ta ined in tha t  manner ,  

for the curve {(X,0)  I X  �9 C*} is bounded near X = 0. 

But  a = 0 is an X-finite asymptot ic  value at level 0. There is a wealth of 

non-canonical  asymptot ic  curves tha t  realize 0. In fact any curve Y = Y(X)  for 

which l imx~0  [ Y(X)  I= oc, l imx~0  X Y ( X )  = 0 will do. 

THEOREM 6: Let P ( X , Y )  = p n ( x ) y n +  .. "+PI(X)Y+Po(X) �9 C[X,Y]. Then 

for any zero b of  Pn(X), P(X, Y) satisfies X-asymptotic identities at level b and 

their number (with minimal k, N) is at most degy P(X, Y). 

Conversely, if P(X, Y) satisfies a X-asymptotic identity at level b, then Pr~(b) = 
O. In particular, the total number  of  X-asymptotic identities with minimal k, N 

is at  mos t  deg Pn(X) " d e g r  P(X, Y) <_ deg x P(X, Y) �9 degy P(X, Y). 

Proof: The case where O(x-b)(P,~(X)) < O(X-b)(P,(X)) for some 0 _< m < n 

is taken care of as in the proof of the previous theorem. So let us assume that  

O(X-b)(Pn(X)) <_ O(X-b)(P,~(X)) for all 0 <_ m < n. We shall denote L = 

O(X-b)(Pn(X)). Then our assumption is equivalent to 

P ( X ,  Y )  = C ( X  - b ) L y  n q- ( X  - b )L+IQ(x ,  Y ) ,  

where C = C(X) �9 C[X], C(b) r O, Q(X,Y)  �9 C[X,Y]. Let a �9 C* and 

consider the n rational functions of (X - b) 1/~, 

Yk(X,a) = e k ( a / C ) U n ( X - b )  -L/", k = O , 1 , . . . , n - 1 ,  

where ek are the n roots of unity of order n. Then 

lira P(X, Yk(X,a) )=a,  k = O ,  1 , . . . , n - 1 ,  
X--+b 
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and we can induce n asymptot ic  identities at level b. Finally, if Pn(b) 7 ~ O, then 

since ( X  - b)-l(Ao + A I ( X  - b) + . . .  + A N - 1 ( X  - b) N-1 + Y ( X  - b) N) has a 

pole at X = b it follows that  

lim I P ( ( X  - b) k + b, (X  - b)-Z(Ao + . . .  + Y ( X  - b)N)) I = oo, 
X --+ b 

so tha t  P ( X ,  Y)  cannot  satisfy X-asympto t i c  identities at level b. | 

Remark 13: It tbllows from tile previous theorem that  there are polynomials with 

no X or Y asymptot ic  values. Obvious examples are X - Y, X - y2 .  But  still, 

one can mimick the procedure of Newton 's  algorithm for the expansions of the 

asymptot ic  curves. 

For example, let us consider P(X ,  Y )  = y2 + X - X 2. Consideration of the 

level curves P ( X ,  Yl ) = a leads to 

g l ( X , a  ) z -I-X(1 Jr ( a -  X ) / X 2 )  1/2 : -]-2(1 q- ( a -  X ) / 2 g  2 - [ - . . . ) .  

So using the same idea of t runcat ion to get 

Y ( X , a )  = + X ( 1  + ( a -  X - 1/4)/2X2),  

we obta in  

P(x, v(x, a ) )  = a - - 1 / 4 ) / 2 X  + . . . ,  

which is an asymptot ic  identity tor P ( X ,  Y) .  

In fact, we have expanded above an algebraic function into Laurent  series (in 

1 / X  in this example). 

This can be done in general, as will follow from the next lemma. 

LElVlMA 1: Let P ( X ,  Y )  = P n ( X ) y n +  "" . + P I ( X ) Y + P o ( X )  E C[X, Y], Pn(X)  gk 

O. Then there exists a unique set of elements Y1, . . . ,  Yn in C ( X - 1 )  * such that 

n 

P ( X , Y )  -- Pn(X)  H ( Y  - Yj). 
3=1 

Proof: Let us denote T = X -1. Then  Pj C C(T)* and so, by Theorem 3.2 

[18], page 106, there is a unique set of elements Z 1 , . . . ,  Zn E C(T)* such tha t  

P ( X , Y )  P~(X)  n y = r l a= l (  - z3). Subst i tut ion of X -1 for T in the Zj gives the 

result. | 



Vol. 105, 1998 GEOMETRY OF POLYNOMIAL MAPS 25 

Remark 14: The above lemma cannot be extended to the general case where 

P3 (X) e C(X)* (as in Walker's theorem). For example, if 

o o  

P ( X , Y )  = Y -  ~ Xn/n!  
n=O 

then there is no element ]I1 e C(X-1)  * such that  ]11 - ~-~n~-_o Xn/n!  = O. 

A consequence of the lemma, which is proved in a similar manner to that  of 

the previous two theorems, yields the following 

THEOREM 7: Let P ( X , Y )  = Pn(X)yn+  '' "+I~I(X)Y +Po(X) E C[X,Y], b C C 

be such that Pn(b) ~ O. Then P(X,  Y)  satisfies asymptotic identities of the form 

P ( ( X  - b)-k (X - b) -l (Ao + A1 ( X  - b) + . . .  + AN-1 (X - b) N-1 + Y ( X  - b)g)) 

c c[x,  r]. 

The number  of such identities with minimal k, N does not exceed degy P( X, Y). 

Remark  15: It  was pointed out to me by Prof. B. Wajnryb that  it is known that  

the complex case can also be reduced to the case where the polynomial map has 

only X-finite or Y-finite asymptotic  curves and no others (just like in the real 

case that  was treated on the previous section). We should mention that  such a 

reduction cannot be acomplished via the k-standard change of variables Tk as in 

the real case (for Tk is not an automorphism of C[X,Y]). Also, we point out 

that  the general asymptot ic  identity of the last theorem reduces to the Y-finite 

asymptot ic  identity (8) when k E Z + and l = 0, 

5. A p p l i c a t i o n  to  N e w t o n  p o l y g o n s  o f  J a c o b i a n  pa i r s  

We now recall some definitions and results related to Newton polygons and 

Jacobian pairs. 

Let P(X,  Y)  = ~ a ~ X i Y  3 E C[X, Y]. We will denote 

S(P) = {(i, j)  [a~j ~ 0} U {(0,0)}, 

and N(P)  will denote the smallest convex subset of R 2 containing S(P) ;  N(P)  

is called the N e w t o n  p o l y g o n  of P(X,  Y). 

Another ~,otion of a Newton polygon played a role in the construction of Walker 

[18], page 98. There we considered P ( X , Y )  = ao + e l Y  + . . .  + a~Y n, where 

a s e C(X)* and an 71 0. If c~ = O(a~), then we plotted the points (j, a3) and 

considered the convex polygonal arc each of whose vertices is a (j, a s) and such 

that  no (i, c~) lies below the arc. 
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We shall call this arc Walke r ' s  b o u n d a r y  and denote it by W(P). We note 

that in the case P(X,  Y) E C[X, Y] the vertices of W(P) are in S(P), but in 

some sense these are the points of S(P) closest to the origin while the points of 

N(P) N S(P) - {(0, 0)} are those farthest from the origin. 

It follows fl'om the definitions that 

W(P) = 

(O(N(P) - Convexhull (S(P) - {(0, 0)})) - {edges of N(P) containing (0, 0)}) 

U {edges of N(P) of a positive slope} U {edges of W(P) of slope 0, oo}. 

There are various results on Newton polygons and Jacobian pairs. Let us recall 

some of then:. 

THEOREM A (Abhyankar, [1]): Every Jacobian pair is an automorphic pair iff 

the Newton polygons of every Jaeobian pair are triangles with vertices on the 

coordinate axes. 

THEOREM [3 (McKay and Wang, [8]): The Newton polygons of an automorphic 

pair are similar triangles. 

THEOREM C (3. Lang, [7]): The Newton polygons o fa  Jacobian pair are similar 

polygons. 

THEOREM D (J. Lang, [7]): Every Jacobian pair is an automorphic pair iff the 
Jacobian condition implies that N(P) has no edge of a positive slope. 

All of these results are results on N(P). Walker's boundary W(P) is not 

mentioned there explicitly. This situation is interesting, because by Hadamard's 

Theorem (Section 2) a Jacobian pair that is also an automorphic pair cannot [:ave 

asymptotic values. Such a pair has asymptotic values iff its components satisfy 

a double asymptotic identity. However, such identities are partially determined 

by W(P). 
The explanation lies in the fact that the intersection of the sets of edges of 

slopes different from 0 or oo of N(P) and of W(P) is exactly the set of edges 

of positive slope, and these edges are those whose existence assures that the 

fractional power expansion of Walker corresponds to an asymptotic curve (and 

not to a compact curve) (see the previous section, conditions (10) and (11)). 

Note that the condition of Theorem D (positive slope) is weaker than the 

condition of Theorem A (triangles with vertices on the coordinate axes). Let us 

give a proof for this stronger theorem, Theorem D, that is based on asymptotic 

identities. 
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THEOREM D (3. Lang, [7]): Every Jacobian pair is an automorphic pair iff the 
Jacobian condition implies that N(P) has no edge of a positive slope. 

Proof (based on asymptotic identities): One direction follows by Theorem B: 

If every Jacobian pair is an automorphic pair and if (P, Q) is such a pair, then 

by Theorem B, N(P) is a triangle and so has no edge of a positive slope. 

For the converse, suppose that for any Jacobian pair (P, Q), N(P) has no edge 

of a positive slope. Let us show that such a (P, Q) is an automorphic pair. After 

a regular linear change of variables we may assume that 

P ( X , Y )  = X + F ( X , Y ) ,  Q ( X , Y ) = Y + O ( X , Y ) ,  

where F(X,Y) ,G(X,Y)  E C[X,Y] satisfy F(X,Y)  =- 0 or O(F) _> 2 and 

G(X,Y) = 0 or O(G) >_ 2. 
We consider the map f: (X, Y) --+ (P(X, Y), Q(X, Y)). Since det J(f) -= 1, it 

follows that f is a local diffeomorphism. 

Thus by Hadamard's Theorem it suffices to prove that f has no asymptotic 

values. If it has asymptotic values then P(X,Y) ,Q(X ,Y)  satisfy a double 

asymptotic identity. 

By Newton's algorithm the first power 3  ̀ in the fractional power series that 

corresponds to the identity is the negative of a slope of an edge of W(P) and an 

edge of W(Q). However, since N(P) has no edge of a positive slope it follows 

that all thc slopes of edges of W(P) are strictly less than (-1), except maybe one 

slope 0. 

Similarly, all the slopes of edges of W(Q) are strictly greater than (-1) except 

maybe for one slope 0. 

Since 3' r 0 in an asymptotic identity, it follows that (P, Q) cannot satisfy a 

double asymptotic identity, which completes the proof of the theorem. | 

An equivalent formulation of Lang's Theorem D is the following 

THEOREM 8: Every Jacobian pair is an automorphic pair if[ the Jacobian 
condition implies that W(P) has no edge of a positive slope. 

Remark 16: Since the edges of slopes different from 0, c~ common to N(P) and 

to W(P) are precisely the edges of a positive slope, we obtain another equivalent 

condition, namely, the disjointness of the sets of edges of N(P) and of W(P) 
which do not lie on the axes of the coordinates. 

Finally, we mention the following result due to Lang. 
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THEOREM 9: Let (P, Q) be a 3acobian pair. Then for every edge of a positive 
slope of W(P) there coresponds an edge of the same slope in W(Q). 

Proof: The edges of a positive slope in W(P) are precisely the edges of a 

positive slope in N(P). By Theorem C, N(P) and N(Q) are similar polygons, 

which implies the conclusion. | 

6. On  t h e  s t r u c t u r e  of  I(R) 

We recall the definition of I(R) that was given in Section 2 (for tile special case 

R(x,  Y) = (x  -1, x + x2Y) ). 

Definition 7: Let R(X,Y)  = (RI(X,Y) ,R2(X,Y))  be a rational map over R or 

over C, i.e., R a (X, Y) C K(X, Y), j = 1, 2, where K = R or C. 

We shall denote by I(R) the set of all those polynomials P(X, Y) E K[X, Y] 

for which 

(P  o R)(X, Y) = P(RI(X, Y), R2(X, Y)) r K[X, Y]. 

Thus I(R) consists of all those polynomials that satisfy an asymptotic identity 

with respect to R(X, Y). 

Examples: (1) If R(X, Y) is a polynomial map, then I(R) = K[X, Y]. 
(2) Tile counterexample to the real Jacobian conjecture found by S. Pinchuk 

consists of a real Jacobian pair (P(X, Y), Q(X, Y)) (i.e. non-vanishing Jacobian) 

whose components P(X, Y), Q(X, Y) both belong to I ( X  -1, X + X2Y). 

(3) As is easy to see, we have 

I (X -~, X + X2Y) = K[Y, XY, X2Y - X] 

(we shall see that later). 

It is rather easy to construct pairs of polynomials in I ( X  -1, X + X2Y) over 

R, say, whose Jacobian is non-negative. For example, if we denote 

(Ul ,  U2, U3) ~- (Y, XY~ X 2 y  - X ) ,  

then we have 

J(u3 - Ul, (u3 + ?-tl)(U2 --  1/2)) = (ua + 't/,1) 2 "4- 4(U2 -- 1/2) 2, 

or equivalently 

J(X2Y - X - Y, ( X 2 Y -  X + Y ) ( X Y  - 1/2)) = (X2Y - X + y)2 + 4 ( X Y  - 1/2) 2. 
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By Hadamard's Theorem, any map whose components lie in I(X -1, X + X 2 y )  is 

not injective. The above Jaeobian vanishes at only two points, (+1, 4-1/2), and 

it is not etale at those points, so that the map is not an example of an etale map 

which is not a global diffeomorphism as in Pinchuk's construction. 

The above example as well as the construction of Pinchuk can be based on 

the following simple relations among the generators of I(X -1, X + X2Y). These 

relations are of two types. One type is algebraic and the second is differential. 

ALGEBRAIC RELATIONS. 

~/,1~3 z U2(~/, 2 --  1). 

D I F F E R E N T I A L  RELATIONS. 

J(Ul,U2) = --Ul, ,](Ul,U3) = 1 -- 2U2, ,I(U2,U3) = --U3. 

Later, we shall see how to generalize these to asymptotic identities of the 

general type that correspond to Y-finite asymptotic values (not merely of degree 

2). 
Moreover, there will be applications to exotic surfaces. In fact, we shall discuss 

a new type of exoticity that we shall call etale-exoticity and give examples. 

(4) One might attempt,  following Pinchuk, to construct a counterexample to 

tile complex Jacobian conjecture whose components are polynomials in 

I(X -1, X + X2Y). Indeed, if it were possible to find two polynomials P(X, Y), 
Q(X, Y) e I(X -1, X + X2Y) such that J(P, Q) -~ 1, then this would have been 

a counterexample to Keller's problem. 

According to Moh [9], any such example if it exists is of high degree (> 100). 

However, such an at tempt will fail because we shall prove later the following. 

THEOREM: If P(X,Y) ,Q(X,Y)  e I (X-1 ,X  + X2Y) then J(P,Q) ~ l. 

In fact, we shall prove a theorem that implies the above as a special case. 

One key to the proof of this theorem, given in this paper, is the fact that for 

the special rational map .R(X, Y) = (X -1, X2y - X) the generators U l ,  U 2 ,  U 3 

of I(R) can be regarded as homogeneous polynomials in X, Y provided that  we 

assign to (X, Y) the weights ( -1 ,  1). That  makes Ul homogeneous of degree 1, 

u2 homogeneous of degree 0, and u3 homogeneous of degree (-1). 

(5) We will give other applications of the study of I(R) to geometry. One 

example will be the study of certain polynomial vector fields. 

All the above justify the study of I(R) and of asymptotic identities. In this 

section we shall be concerned mainly with algebraical aspects of the structure of 

I(R). Much of this section will be devoted to the study of the special structure 
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of I (X -1 ,X  + X2Y) that underlies the construction of Pinchuk, and to other 

examples. 

The geometrical aspects will be discussed in later sections. 

We start by pointing out some basic properties of I(R): I(R) is closed with 

respect to addition and with respect to multiplication; I(R) is 'absorbing' or is 

an 'ideal' with respect to composition, in the following sense: 

P(X, Y), Q(X, Y) �9 I(R),  S(X, Y) �9 K[X, Y] ~ S(P(X, Y), Q(X, Y)) �9 I(R). 

Perhaps a simple but important theorem is the following theorem. It establishes 

an equivalent formulation to Keller's problem in terms of I(R) and can serve as 

our starting point. 

THEOREM 10: Keller's problem (the dacobian conjecture in the complex case) 
is equivalent to the following statement: 

For any rational map R(X,Y)  = (RI(X,Y),R2(X,Y)) where R~(X,Y) �9 
C( X, Y), j = 1, 2, such that at least one of R~( x ,  Y), R2( x ,  Y) is not in C[X, V], 
there is no Jacobian pair in I(R) (i.e., there is no pair P(X, Y), Q(X, Y) �9 I(R) 
such that J(P, Q) �9 C*). 

Proof: One direction follows from Hadamard's Theorem: 

Let us assume that the Jacobian conjecture holds true. Let R(X,Y) be a 

rational map as above. Thus RI(X,Y), say, has a singular point (a pole) at 
(a, b). 

Let P(X, Y), Q(X, Y) �9 I(R). Then by definition we have 

Hence 

P(R1 (X, r) ,  R2(X, r))  = A(X, Y) �9 C[X, Y], 

Q(RI(X, Y), R2(X, Y)) = B(X, Y) �9 C[X, Y]. 

lira P(R1, R2) = A(a, b) and lira Q(R1, R2) = B(a, b), 
(X,Y)--+(a,b) (X,Y)--+(a,b) 

while I /h (X,Y) l  grows to oo as (X,Y) --4 (a,b). Thus the map (P,Q) has 

(A(a, b), B(a, b)) as its asymptotic value, so by the assumption on the validity of 

the Jacobian conjecture (P, Q) cannot be a Jacobian pair. 

The opposite direction follows from our theorems on asymptotic identities: 

Let us assume that the condition holds true. We need to verify the validity 

of Keller's conjecture. Let P(X, Y), Q(X, Y) E C[X, Y] satisfy J(P, Q) �9 C*. 
We have to show that the map (P, Q) is a global diffeomorphism. If it is 
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not, then it has asymptot ic  value (a, fl). Hence by our theorems on asymp- 

totic identities there are R~(X, Y), R2(X,Y)  E C ( X , Y )  such that  at least one 

of R I ( X , Y ) ,  R2(X, Y) is not in C[X,Y] (suppose that  (a, b) is a singularity of 

RI(X,  Y))  such that  (P, Q) satisfy a double asymptotic identity with respect to 

R ( X , Y )  = (R~(X ,Y) ,R2(X ,Y) ) .  Hence P ( X , Y ) , Q ( X , Y )  e I(R). But this 

violates the assumption on I(R). 1 

Let us consider a typical double asymptotic identity which is Y-finite 

(corresponds to the real case, see Section 3): 

/5 (X-k ,  A0 + AIX  + ... + AN-1XN- I  + Y X  N) 

=B0(Y) + BI(Y)x +. . .  + B~(Y)x M, 

Q(X-k ,Ao  + A IX  + . ' .  + AN-1XN-1 + Y X  N) 

=Co(Y) + c~(Y)x  +. . .  + cL(Y)x  L. 

If we denote 

U = X  -k, 

V = Ao + A1X + ... + AN-1 XN-1 + Y X  N, 

then 

X = U -1/k ,  

Y = (V - Ao)U N/k - A1U (N-1)/k . . . . .  AN_IU 1/k, 

so that  we can rewrite the double asymptotic identity as follows: 

M N - 1  

P(U, v) = Z B,((v - Ao)U ~/k - ~ A,U(~-')/k)U -~/~, 
/=0 3=1 

L N - 1  

Q(u, u) = X c~((v - Ao)U~/~ - ~ AjU(~-~)/bu-~/~ 
/=0 3=1 

Motivated by the first theorem of this section we would like to show how such a 

structure of two polynomials should violate the Jaeobian condition, i.e., J(P, Q) E 

C*. Sometimes that  is an easy task. 

Example 1: If A~ . . . . .  AN_ 1 = 0 then J(P, Q)(X, Ao) = O. 

Proof: This example has, what we shall call later, the property of the shrinking 

curve: 



32 R. PE R E T Z  Isr. J. Math. 

We have for this case 

M 

P(X, Y) = Z Bt(xN/k(Y - A~ 
l=O 

L 

Q(X, Y) = Z CI(XN/k(Y -- A~ 
/=0 

Hence P(X, Ao) = Y'~=oBt(O)X -z/k E C[X], so that  a = P(X, Ao) E C. Simi- 

larly fl = Q(X, Ao) e C. So the map (P,Q) shrinks the curve {(X, Ao) I X  E C} 

to the single point (a,  fl). In part icular  J(P, Q)(X, Ao) = O. | 

Another  example of tha t  type which is X-finite is the following. 

Example 2: If P(X,Y),Q(X,Y) 
J(P, Q)(0, z )  = 0. 

Proof: Let us denote 

P(U, V) = Z a*aU'VJ' 

Then  

P+(u,v) = 

E I(X,a/X + y/X2), a E C, then 

P_(U, V) = Z a*oUzV" 
o<o<_~ 

Z a~aUW'. 
0<z<3 

P+(X,a/X + Y/X 2) = ~ a,,X'(a/X + Y/X2) ' r C[X,Y] - {0}. 
O<z<3 

So the P+(U, V) par t  of P(U, V) must  be cancelled out: 

P_(X,a /X  + W x  2) = ~ ~ , , x ' (~ / x  + Y/x2) ' 
o<,<_, 

= ~ a,,X'-'(a + Y/X),  
o5,<~ 

0<_,<_~ k=O 

Since P(U, V) E I(U, a/U + V/U2), we can take in the inner summat ion  only 

those values of k for which 0 < i - j - k or k < i - j .  The other terms will cancel 

P+(X, a/X + Y/X 2) exactly. We obtain 

mm(3,z-j)  

P ( X ' a / X + Y / X 2 ) =  E a,a E X'-a- 'Y ' (gk)a '- '"  
o_<,_<) k=o 
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We change variables by 

SO 

and hence 
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U = X, V =a /X  + Y /X  2, 

X = U, Y = U(UV - a), 

33 

Let us denote 

p(u, v )  -- a,,V'VJ, 

P_(V,Y) = 

Then since we clearly have 

P+(X -1, X + X2Y) = 

P+(U,V) = E a'jU'V" 
0<~<3 

E aiaU~Va" 
0<a<i 

E a~jX-~(X + X2y)3 
o<i<j 

E ai'XJ-i(1 + XY) '  E C[X,Y l, 
o<_~<j 

min(j,~--3) 

E a~j E ( ; )  a3-kUi-3(UV-a)k" P(U, V) = 
o<j<i k=o 

Since k _< i - j ,  we see that  P(U, V) is generated by monomials of the type 

UZ(UV - a) k where 0 < k < 1. 

It is easy to check that  UZ(UV- a) k E I(U, a/U + V/U2), and so we have proved 

the following 

PROPOSITION 5: I(X, a/X -]- Y /X 2) = C[X, X(XY  - a)]. 

An immediate conclusion is that P(0, Y), Q(0, Y) E C. Hence the map (P, Q) 

shrinks the curve {(0, Y) ] Y E C} to a single point and, as a result, J(P, Q)(0, Y) 

= O, as we had to show. | 

As opposed to the last two examples we shall now consider the case to which 

Pinchuk's example belongs. 

Example 3: We shall prove in the sequel the following 

PROPOSITION 6: I ( X  -1 ,  X q- X2y) = C[Y, XY, X2Y - X]. 

Proof: Let P(X, Y) E I ( X  -1, X + X2y). Then by definition we have 

P(X -1, X + X2y) E C[X, Y]. 
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we deduce that P+(X,Y)  E [ ( X - 1 , X  + X2Y)  and, since P = P+ + P_, we 

deduce that  P _ ( X , Y )  E I ( X - 1 , X  + X2Y).  We have 

P_(X-l,x + x2Y) = ~ a~,X'-~(1 + XY)' 
0_<3<z 

0_<3<~ k=0 

and this last sum should be a polynomial in (X, Y). So in the inner summation 

we can take only those values of k for which 0 < j + k - i, i.e., i - j _< k. Also 

since k _< j ,  the effective values of j must satisfy i - j  _< j or i < 2j < 2i. 

Summarizing all these details, we obtain 

P_(X-',x + x2Y)-- ~ a~, ~ X,+k-Wk. 
0<z/2_<3<z k=z-j 

As in the previous examples we make the change of variables 

U = X -1, V = X + X2Y, 

thus 
X = U -1, Y = U2V - U. 

By substituting, we obtain 

0<,/2<_3<t k = ~ -  3 

0<z/2<3<~ k = ~ -  3 

All the above shows that P+(U, V) is generated by U'V 3 where 0 < i < j ,  and 

P_(U,V)  is generated by UZ(UV - 1) k where 0 < 1 < k. Hence both P+(U,V) 

and P_ (U, V) are generated by (V, UV, U2V - U) and, since these generators 

belong to I(U -1, U2V + U), we have proved our assertion. 1 

We note that the last proposition implies the following: 

P ( X , Y )  e I ( X - 1 , X  + X2Y)  =e~ P x ( X , Y )  G I ( X - 1 , X  Jr X2Y) ,  

To end the discussion of Example 3 we add the following 
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PROPOSITION 7: The ring I(X -1, X + X2Y) does not have the property of the 
shrinking curve. 

Proof: By the construction of Pinchuk [13] there exist two polynomials P(X, Y), 
Q(X,Y) C I ( X - 1 , X  + X2y) such that  

J ( P , Q ) ( x , y )  > 0 v ( x , Y )  e R 2 

Alternatively, we could have taken P(X, Y) = Y, Q(X, Y) = X2y  - X. | 

If we review the proofs of the first two propositions of this section we can find 

some pattern.  Let us sketch the method and then demonstrate it in a few more 

examples. 

Let R(X, Y) = (RI(X,  Y), R2(X, Y)) be a rational map. We would like to find 

the structure of a general P(X, Y) �9 I(R). 

STEP 1: Write the canonical expansion 

P(R1 (X, Y), R2 (X, Y)) = E a~a X~Y a , 

for a general P(U, V) �9 C[U, V]. 

STEP 2: Assuming that  P(X,Y)  �9 I(R) we conclude that  all the monomials 

that  contain negative powers in the expansion of Step 1 must cancel out. This 

gives some arithmetical relations between i and j .  

STEP 3: We change variables (if possible) according to 

u = n l ( x , y ) ,  v = 

and the inverse transformation 

X = &(U,V), Y = S2(X,Y). 

We point to the fact that  in our examples S~(U,V),S2(U,V) were rational 

functions. 

STEP 4: We represent P(U, V) in terms of the new variables with the aid of 

Step 1 and Step 3: 

P(U, V) = E azjS,(U, V)zS2(U, V) ~, 

taking into account the arithmetical constraints of Step 2. 

STEP 5: We find the set of generators of I(R). 
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Remark 17: There is no reason to expect that we should get, in the representation 

of Step 4, S~(U, V)*Sz(U, V) J E C[U, V], although this was the case in our first 

examples. 

Example 4: Let us discuss the more general Y-finite case with exponent k = 1, 

I (X -1, Ao + A1X + ".  + AN-1 XN-1 + yxN) .  
It will be convenient to denote 

~(X) = A o + A 1 X + . ' . + A N _ I  XN-1, d=deg~b(X) .  

Thus d _< N - 1. Referring to Step 3 above we shall invert the transformation 

U = X -1 ,  V ~-- ~ ( X )  -~ x N y .  

The result is 

X = U -1 ,  Y = u N ( v  -- qS(U-1)) = u N - d ( u d v  -- u d ~ ( u - 1 ) ) .  

Clearly udc(u -1) E C[U]. The generators suggested in Step 5 are combinations 

of 
,_.,QI(U,V)zS2(U,V) 3 = U - z [ u N - d ( u d v  _ ud(~(U-1) ) ]  g 

= u3(N-a)-~(u~v _ ud~(u-1))3. 

Since udv  - udr -1) C C[U, V], the only obstacle can arise because of the 

factor U 3 ( N - d ) - ~  with negative exponent. Let us carry out Step 2. For that it 

will be convenient to use the following notation due to Rogosinski [15]: 

dk 

k-- a}k)x 
l=O 

Then 

P(X -1, r + XNY) = % x - ' ( ~ ( x )  + x ~ Y p  

k=O 

dk 
3 {j,~yj_kxNO_k)_~ ~ ' ~ a ( k ) X  l =Za,,Z k) l 

k=O l=O 

= E a'3 y~-k E a} k)xl+NO-k)-'" 
k=O l=O 
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Since we assume P(U, V) E I (R)  we can confine ourselves to those indices for 

which 

l + N ( j - k ) - i  >_O. 

If we substitute the new variables (U, V) for (X, Y) we obtain 

xl+NO-k)-~y3 -k = U-[I-]-N()-k)-z][uN-d(udv_ udr )]3 -k 

= U,-4~-k) - I  (UdV _ Udr )) j -k .  

Let us denote L = i - d ( j - k ) - l ,  K = j - k ;  then K _> 0 and L < ( N - d ) ( j - k )  = 

(N - d)K (by l + N ( j  - k) - i > 0). Similarly we can get a lower bound on L. 

All the above shows that  if P(U, V) C I (R) ,  then 

P(U,V) = ~ aLKUL(udv-- ud~9(U-1)) If. 
O<K,L<_(N-d)K 

Since P(U, V) is a polynomial, one can conclude from this representation the 

following (we will not need this fact): 

PROPOSITION 8: 

I ( X - 1 , A 1 X  + A2X 2 + . . .  + AN_I X N - 1  + Y X  N) -=_ 

C[Y, X Y ,  X 2 Y -  A1X, X 3 y -  A 1 X  2 - A2X,  . . . , x N y - -  A1 X  N-1 . . . . .  A N - I X ] .  

Remark 18: We note that  in fact I ( X  -1, A1X  + . . .  + A N _ i X  N-1 + Y X  N) is 

generated by those polynomials in it which are of Y-degree 1. 

Example 5: Let us discuss the case 

I ( X , X - t ( A o + A 1 X + ' " + A N _ I X N - I + y x N ) )  where Ao r 0. 

As usual we denote r  = Ao + A1X  + . . .  + AN-1XN-t  �9 We invert the change 

of variables as in Step 3: 

u = x ,  v -- x - l ( r  + x N y ) .  

The result is 

X = V ,  Y = u - N ( u v - r  

So the generators are of the form 

Uz[u-N (u V _  (~(U))] 3 = u'-NJ ( u v  -- ~(U) ) 3. 
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To accomplish Step 2 we again use Rogosinski 's  nota t ion 

P(X 'X- I (~ (X)  + x N y ) )  = E a~j Z a}k)xZ+NO-k)+~-'Ya-k" 
k=O l=O 

So for P(U, V) E I(U -1, ~(U) + uNv)  we can sum only over those values of 

indices for which 

l + N ( j -  k) + i - j  >_ O. 

The  change of variables gives 

X~+~O-k)+*-~Y ~-k = U l+'-3 (UV - ~(U) ) 3.k. 

If we denote L = l + i - 2 ,  K = j - k ,  then K _> 0 and L + N K  > 0 (by 

1 + N(j - k) + i - j > 0). As a consequence we obtain  the following: 

P(U, V) E I(U, U-I((o(U) + uNv))  iff P(U, V) has the form 

P(U, V) = Z aLKUL(UV - qb(u))K' 
K~O,L+NK>O 

where r = Ao + ' "  +AN- i t  g-1. 
From here we can read the generators.  

R e m a r k  19: We recall t ha t  the asympto t ic  identi ty of the last example  is a special 

case of the  identities which we ext rac ted  in the complex case using the Newton ' s  

a lgori thm. These  are the following: 

[(X k, x- l (Ao + A1X +. . .  + AN-1XN-1 + yxN)) ,  where k, l E Z +. 

We can always reduce the discussion of these identities as follows: If P(X, Y) c 
I(Xk,X-Z(Ao +. . .  +AN_iX  N-1 + yxN)) ,  l < N,  then  

P(X k,Y + At + AI+IX +. . .  + AN-1X N-l-z) 

E I(X,X-I(Ao +. . .  + AI-aX l-1) + yxN-Z)). 

We note tha t  if k = 1, then the change of variables we used, i.e., 

(X, Y) --+ (X, Y + (Al +. . .  + AN-1XN-I-I)), 

is a C[X, Y] au tomorph i sm,  since it is an e lementary  map.  

The  other  type  of a sympto t i c  identities we had in the complex case was the  

one originat ing from 

I (X-k ,X- t (Ao +. . .  + AN_I XN-1 + yxN)), 

where k, l C Z +. 
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Example 6: We shall just quote the result that  corresponds to this last type of 

asymptotic  identities with k = l = 1. The procedure of proving it is similar to 

the one we used in Example 5 and in previous examples: 

P(U,V) E I(U-1,U-I(Ao +"" + AN-1U x-1 +vuN) )  

iff P(U, V) has the following form: 

p ( u , v )  = a  V (Vg - r  

k>O,l<Nk 

where r = Ao + "" + AN-i t  N-1. 

7. T h e  n o n - f i n i t e n e s s  of  m a p s  w h o s e  c o o r d i n a t e s  b e l o n g  to  I(R) 

In this section we shall give another formulation for the complex Jacobian con- 

jecture. It  will use the notion of finiteness of a map. This will be proved with 

the aid of the theory of asymptotic identities. We start  by recalling the following 

Definition 8: Let P(U, V), Q(U, V) E K[U, V] where K is a field. The map 

f(g, V) = (P(U, g), Q(U, g)) is said to be a f in i te  m a p  if for any r(U, V) E 
K[U, V] there exists an m > 0 and P3(P(U, V), Q(U, V)) E KIP(U, V), Q(U, V)], 

0 <_ j _< r e -  1, so that  

v )  + Pm-lr(U,  V) m-1 + . . '  + P0 - 0. 

Let us extend this definition as follows: 

Definition 9: Let K be a field and let R C_ K[U, V] be a sub-algebra. The sub- 

algebra R is said to be f ini te  (over  K[U, V]) if for any r(g, V) E K[U, V] there 

exists an m > 0 and P3 E R, 0 <_ j <__ re - I, so that  

rm + P m - 1  r m - 1  -]- "'" q- Po = O. 

Remark 20: Clearly, the map f(U, V) = (P(U, V),Q(U, V)) is a finite map iff 

K[P(U, V), Q(U, y)]  is finite. 

With the aid of the above definition we can now state conveniently our results. 

THEOREM 11: Let R(X, Y) = (RI(X, Y), R 2 (X, Y)) be a rational map which is 
not polynomial, over K = CorR. Then I(R) is not finite over K[U, V]. 
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Proof: Suppose tha t  R I ( X , Y )  has a pole at  ( X , Y )  = (a,b),  If I(R) were 

finite, then in par t icular  we could have found an m > 0 and Pa(U, V) E I(R), 
0 _< j < m - 1, so tha t  the following identi ty was true: 

U'~ + P,~_I(U,V)U m-1 + . . . +  Po(U,V) =_0. 

Let us subs t i tu te  into the identi ty (U, V) = R(X, Y). Then  by Pa(U, V) E I(R), 
0 < j _< m -  1, we have 

( P 3 ~  EK[X,Y] ,  O < _ j < m - 1 ,  

and so the result  of the subst i tu t ion was 

/~l(X,  Y) m +Qm-I (X ,Y) I : l l (X ,Y)  m-,  + " "  +Qo(X ,Y )  = O. 

This  is clearly impossible,  since the left hand side has a singulari ty at  (a, b). 

I 

COROLLARY 4: Let R(X, Y) be a rational map which is not polynomial, over 
K = CorR. Then any map of the form f(U, V) = (P(U,  V), Q(U, Y)) where 

P(U, V), Q(U, V) E I(R) is not a finite map. 

An immedia t e  consequence will be the following reformulat ion of the Jacob ian  

conjecture  (over C).  

THEOREM 12: The Jacobian conjecture over C is equivalent to the following 

assertion: 
For any Jacobian pair P(U, V), Q(U, V) E C[U, V] (i.e. J(P, Q) E C*), the map 

f(U, V) = (P(U, V), Q(U, V)) is a finite map.  

Proof: If the Jacob ian  conjecture is t rue and if P(U, V), Q(U, V) E C[U, V] is 

a Jacob ian  pair,  then C[P(U, U), Q(U, V)] -- C[U, V]. So tha t  for any r(U, V) E 

C[U, V] there  exists an S(U, V) E C[U, U] such tha t  

r(U, V) - S(P(U, V), Q(U, V)). 

Thus  the choice rn -- 1, P0 = - ( S  o f )  shows tha t  f is a finite map.  

If  the Jacob ian  conjecture  is false, then there is a counterexample  f(U, V) = 
(P(U, V), Q(U, V)) such tha t  P(U, V), Q(U, V) E I(R) for some rat ional  but  not 

po lynomia l  R( X, Y) = ( RI ( X, Y ) , R2 ( X,  Y ) ). By the previous corollary the m a p  

f is not a finite map;  hence the assert ion is also false. I 
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8. E t a l e  e x o t i c  s u r f a c e s  

In this section we shall explore a connection between the theory of asymptot ic  

identities for polynomial  maps  and exotic surfaces. An exotic manifold Mn of 

dimension n is a manifold of dimension n which is diffeomorphic to C n but  which 

is not  isomorphic to it. 

In the sequel we will find surfaces S tha t  are diffeomorphic to C 2 via a birational 

map  but  for which no regular etale map S --+ C 2 exists. So, in particular,  such a 

surface S is exotic in the usual sense. 

For any dimension n >_ 3 we shall find such a surface S~ which will be embedded 

in C ~. 

Let us consider the rational map  

R(X,  Y) : (X -1, X 2 y  - X ) .  

As we know I(R) = C[V, VU, VU 2 + U]. Let us define a surface $3 in C a using 

the following parametr izat ion:  

X = V, Y = VU, Z = VU 2 + U. 

Remark  21:$3 can be regarded also as a surface in R 3 provided tha t  we take the 

parameters  (U, V) to be in R 2. 

We should note tha t  $3 is diffeomorphic to C 2. In fact, the above parametr iza-  

t ion is an embedding of C 2 in C a. To check injectivity we note tha t  if 

(V1,VIU1,V1U 2 -~ U1) = (V2,V2U2,V2U22 -~- U2) , then V1 = V2. If 171 ~ 0, then 

since V1U1 = V2U2 we get U1 -- U2. If V1 = 0, then since V1U 2 +U1 = V2U~ +U2 

we get U1 = U2. 

We can invert this birational embedding in two different ways: We always have 

X = V. If  V ~ 0, then U = Y / X  on $3. Also in tha t  case Z = Y ( Y  + 1)/X. If 

V -- 0 then U = Z. Hence tile inverse of the above embedding r V) is given 

by 

r  ( Y / X , X ) ,  X #O 
t ( z , 0 ) ,  x = 0 

If  Y ~ - 1  then U = Z / ( Y  + 1), and if Y = - 1  then U = - 1 / X .  Thus  we also 

have 

O _ l ( X , y , z )  = { ( Z / ( Y  + I ) ,X) ,  Y T~-I  
( - 1 / X , X ) ,  Y = -1  

The surface X Z  = Y ( Y  + 1) strictly includes the parametr ized surface $3. The  

only difference between the two is the straight line { ( 0 , - 1 ,  Z) I Z C C}, which 
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belongs to X Z  = Y(Y  + 1) but not to Sa. Sa is not affine closed. Its afiqne 

closure is the surface X Z  = Y(Y  + 1). 

We are interested in the set of all regular functions on Sa. A function f :  Sa -+ C 

is regular if there is a polynomial P(X, Y, Z) E C[X, Y, Z] such that  P Is3= f .  

A map F: $3 --+ C 2 is regular if both of its components are regular functions. 

An immediate consequence of the above is that  the set of all regular functions 

on Sa is exactly 

C[V, VU~ v g  2 -1- g] = I ( X  -1,  Y X  2 - X ) .  

Motivated by the theory of asymptotic identities and its relations to the Jacobian 

conjecture we suspect that  the following is true: there is no regular map F: Sa --+ 

C 2 which is a local diffeomorphism. Equivalently, there is no regular etale map 

F: Sa --+ C 2 (just into C2). Later on we shall prove a theorem will imply that.  

As previously mentioned this implies that  $3 is an exotic surface. 

However, the proof of this last fact is much easier. 

THEOREM 13: The surface $3 is not isomorphic to C 2. Equivalently, if 
P(U, V), Q(U, V) E C[V, VU, VU 2 + U] then the pair (P, Q) is not an automor- 
phism of C[U, V]. 

Proof 1 (V. Lin): Let us assume that  P(X,Y,Z) ,Q(X,Y ,Z)  ff C[X,V,Z] are 

such that  the map ~b(X, Y, Z) = (P(X, Y, Z), Q(X, Y, Z)) restricted to $3 is a 

global diffeomorphism. Then we can define a map ~o: C 2 --+ C 2 as follows: 

~, = r o r where, as before, r  V) = (V, VU, VU 2 + g). ~p is a polynomial 

automorphism of C 2 since it is polynomial and injective. It follows that  qo -1 is 

also polynomial. But ~o -1 = r  o 0 -1 so that  r  = ~o-1 o r is polynomial. 

However, as is easy to check, r  is not polynomial and hence a contradiction. 
| 

Proof 2: We consider the birational map R(X, Y) = (X -1, Y X  2 - X ) .  Then 

we have 

c[v,  v g ,  vcr2 + cr] = x(n(x, Y)). 

So U f[ C[V, VU, VU z + U]. Recall the absorbing property of I(R(X,Y)): If 

r(U, V) C C[U, V] and P(U, V), Q(U, V) c I(R(X, Y)) = C[V, VU, VU z + U] 
then r(P(U, V), Q(U, V)) c C[V, VU, VU 2 + U]. 

Let us assume in order to get a contradiction that  P(U, V) and Q(U, V) are in 

C[V, VU, VU 2 + U] and that  (P, Q) is an antomorphic pair of C[U, V]. Then we 

can find a polynomial r(U, V) C C[U, V] such that  U = r(P(U, V), Q(U, V)). By 



VoI. 105, 1998 GEOMETRY OF POLYNOMIAL MAPS 43 

the absorbing property this implies that  U E C[V, VU, VU 2 + U], which cannot 

be. 1 

In fact the last theorem is true over R also. The proof that we shall give below 

proves also the case C once more. 

THEOREM 14: The real Sa cannot be mapped diffeomorphically onto R 2 by a 
polynomial map. Equivalently, if P(U, V), Q(U, V) c R[V, VU, VU 2 4. U] then 

the map (P, Q) is not a global diffeomorphism. 

Proof: Let us consider tim rational map R(X, Y) = (X -1, Y X  2 - X), Let us 

assume that  P(U, V), Q(U, V) E R[V, VU, VU 2 4, U] are such that  F(U, V) = 

(P(U, V), Q(U, V)) is a global diffeomorphism. By the Theorem of Hadamard,  

F cannot have asymptotic  values. There are A(X, Y), B(X, Y) E R[X, Y] such 

that 

F(X  -~, Y X  2 - X) = (A(X, Y), B(X, Y)), 

for P(U, V), Q(U, V) c I (R(X,  Y)). Hence 

lira F ( X - ' ,  Y X  2 - X) = (A(O, Z), B(O, Y)) E R z. 
X --+ O 

So the curve {(A(0, Y), B(0, Y)) I Y E R} consists of, asymptotic values of F, 

which is a contradiction. | 

We now return to the question of regular etale maps F: Sa --+ C 2 and 

F: $3 --~ R 2. 

THEOREM 15 (S. Pinchuk): Let $3 be the real surface; then there are regular 

etale maps F: $3 --~ R 2. 

Equivalently, there are polynomials P(U, V), Q(U, V) c R[V, VU, VU 2 4- U] 
such that the map (P, Q) has a non-vanishing Jacobian. 

For, as we remarked previously, the counterexample to the real Jacobian 

conjecture that  was constructed by S. Pinchuk consists of a map both of whose 

components are in R[V, VU, VU 2 + U]. 

The complex case has a different answer. However, the proof of that  fact is 

more involved. In fact we shall now prove a more general theorem that  will imply 

the result. The proof is based on an idea of L. Makar-Limanov to whom I am 

grateful. 

This t ime we consider the rational map 

R(X, Y) = (X -x, Y X  N - X), 
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where N _> 2 is fixed. As we know I (R)  = C[V, VU, VU 2 + U , . . . ,  VU N + uN-1]. 
Let us define the surface SN+I in C N+I using the following parametrization: 

X 0 = V, X l = V U ,  X 2 = V U  2 + U, . . . ,  X N  = V U  N ~t_ U N - 1 .  

This is an embedding of C 2 in C N+l and C 2 is diffeomorphic to SN+I; SN+I is 

not affine closed. Its afi-ine closure is given by 

X o X  2 ---- X I ( X  1 + 1), 

XoX~ = X1X3-1,  3 <_ j <_ N. 

THEOREM 16: There are no regular etale maps F: SN+ 1 "-+ C 2. Equivalently, 

if  P(U, V), Q(U, V) E C[V, VU, VU 2 + U . . . . .  VU N + U u- l ]  then the Jacobian 

O(P, Q)/O(U, V) must have a zero. 

Proof: We shall use a weighted grading on C[U, V]. The weights are chosen as 

follows: 

d e g U = - l ,  d e g V : l .  

Thus deg U*V J = j - i and, for the generators of SN+a, we have the ibllowing 

facts: V, VU, VU 2 + U, . . . , VU N + U u-1 are homogeneous (with respect to the 

weights), 

( t e g V = l ,  deg (VU)=O,  

deg(VU 2 + U ) = - 1 ,  . . . ,  deg(VU N + U N-~) = - ( N  - I). 

Let us denote T = VU. We will need to know the structure of homogeneous 

polynomials with respect to the chosen weights. 

If Pk(U, V) E C[U, V] is homogeneous of degree k _> O, then there exists a 

polynomial q(T) C C[T] such that 

(12) Pk(U, V) = Vkq(T).  

To see that we write the following: 

Pk(u,  v l  = a, U'VJ = J 

deg(U~VJ)=k 

= Z a~jU~V3 = Z az(~+k)U~V~+k 
3-~=k 

= Vk Z az(~+k)T ~. 

A little more complicated is the structure of homogeneous polynomials of negative 

degree. Here we shall confine ourselves to C[V, VU, VU 2 + U, . . . , VU  N + uN-1].  
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If P-k (U, V) E C[V, VU, VU 2 + U,.. . , VU N § U N-1 ] is homogeneous of degree 

- k  < O, then the following holds true: 

(13) 
P_k(U, V) ~- Z (VU2 § U)32"'" ( v u N §  uN-1) JNP,2 .4~(T), 

,2+2,3+" +(N-1)gg=k 

where P3~.. ,N (T) e C[T]. 
To see that  we write the following: 

P-k(U, V) = E a'o'"'NV'~ "" ( v u N §  uN--1)ZN 
Zo--Z2--2z:~ . . . .  (N-1)ZN=-k 

: E a'~176 ( v u N §  uN--1)*N 

zo+k=z2+...+( N--1)ZN 

= ~--~[(VU 2 + U) '~.. .  (VU N + u N - 1 ) ' N l x  

X [ a z 0  . . ,NVZ~ 2 § U )  z 2 - 3 2  �9 �9 �9 (YU N § uN--1)~N--YN], 

where in the last sum the indices vary as follows: 

i0 = (i2 - j2) +2( i3  - j3) + " "  + ( N -  1)(iN - - j x ) ,  

i2 - j2 , . . . ,  iN -- jN >-- O, 

j2 + 2ja +. . .  + ( N -  1)jN = k. 

Since V'~ 2 + U) .2-32... (VU g + uN-1)  *N-3N belongs to C[T l, by 

i0 = (i2 - j2) + " "  + (N - 1)(iN -- jg)  this proves equation (13). 

We now consider the Jacobian of a pair of polynomials in 

C[V~VU, VU 2 § U , . . . ,VU N § U N-l] 

which are homogeneous of degrees k and - k ,  respectively, for some k > 0. 

In fact, we shall confine ourselves to those polynomials of negative degree that  

appear  in the sum in equation (13). 

If k > 0 and 

Pk(U, V) = Vk f(T),  Q-k(U, V) = (VU 2 + U) J~ ... (VU N § uN-1)yN g(T), 

where f (T) ,g(T)  C C[T] and j2 +""  + ( N -  1)jg = k, then 

(14) O(Pk, Q_k)/O(U, V) = - kd /dT{Tk(T  + 1)32+'"+3N f(T)g(T)}. 

The verification of this equation is done by a straightforward computation.  
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Namely, we have 

OPk/OU = Vk+  f'(T), OPk/aV = kVk-lf(T) + VkU f'(T), 
OQ_k/OU =(VU 2 § U) 32-1. . .(VU N § uN-1) 3N-1X 

x {N2(VU 3 + U2).  .. (VU N + uN-~)(2UV + 1) + . . -  

�9 .. + jN(VU 2 § U). . .  (VU N-1 § uN-2)X 

x (NVU N-1 + (N - 1)uN-2)}g(T)+ 

§ (VU 2 § U) 32... (VU N § uN-1)JNVg'(T), 

OQ_k/OV : ( V U  2 47 U )  J 2 - t  - - .  (VU N q- uN-1) 3N-1 x 

• {Nu(VU 3 + U 2 ) . . .  (VU N + uN-1)U 2 §  

�9 .. + jN(VU 2 + V) . . .  (VU N-1 + UN-2)UN}g(T)+ 

�9 N - I  3N ' +(vu z+U) . . ( v c  N +U ) Ug(T). 

Now on mult ip lying and subt rac t ing  in 

O(Pk, Q_k)/cq(g, V) = (OPk/OU)(OQ_k/OV) - (OPk/OY)(OQ_k/og), 

we find t ha t  the coefficient of f '  (T)g' (T) is zero while f '  (T)g(T) and f(T)g' (T) 
have the  common  coefficient 

_kTk(T + 1)j~+. +aN, 

and f(T)g(T) has as its coefficient 

- k d / d T { T  k (T + 1) J~ +' '+aN }; 

here as above k = j2 + " "  + (N  - 1)jN. In order to prove the theorem we argue 

by a contradict ion.  Suppose tha t  

P(U,V),Q(U,V) E C[V, VU, VU 2 J- U , . . . ,VU N § U N-l] 

and tha t  O(P,Q)/O(U,V) = 1. Let us represent  P and Q according to our 

weighted grading 

where Pn and Qm are homogeneous of degrees n and m, respectively. Then  

O(P, Q)/O(U, V) = E O(P,, Qm)/O(V, V). 

However 

O( Pn, Qm)/O(U, V) = (OP~/OU)(OQ,~/OV) - (OP,~/Ov)(OQm/OV), 
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and degree calculations give 

deg{(OPn/OU)(OQm/OV)} = (n + 1) + (m - 1) = n + m, 

deg{(OPn/OV)(OQm/OU)} = (n - 1) + (m + 1) = n + rn. 

It  follows that  the homogeneous polynomial O(Pn,Q,~)/O(U,V) is either 

identically zero or of degree n + m. 

Since we assumed that  ~ .... O(Pn, Qm)/O(U, V) - 1, it follows that  

EO(Pk,Q_k)/O(U, V)=- 1. k 
Hence by (12), (13) and (14) we obtain an equation of the form 

E{ 22+'"q-(N-I'jN=kE d/dT[Tk(T + I)3~++3N f(T)g(T)] } - 1 '  

where the polynomials f(T) and g(T) depend on the indices of the summation. 

Hence we deduce that  

E {  - k  E Tk(T +1)32+"'+'N f(T)g(T) } = T + A' 
k 12+,..+(N--1)3N =k 

for some A E C. 

We note that  T(T + 1) divides the left hand side of the last equation and so 

T(T + 1) [ (T + A). This contradiction proves the theorem. | 

Remark  22: In the case N = 2 equation (13) becomes 

P-k(U, V) = (VU 2 + U)kq(T). 

and equation (14) becomes 

O(Pk, Q-k)/O(U, V) = -kd/dT{[T(T + 1)]k f(T)g(T)}. 

As an immediate consequence of the last theorem we deduce that  no counter- 

example to the complex Jacobian conjecture exists of the type found by 

S. Pinchuk in the real case. More precisely 

THEOREM 17: There is no counterexample to the complex Jacobian conjecture 
with coordinate polynomials in C[V, VU, VU 2 + U,. . . , VU N + UN-1], where 
N > 2 is fixed. 
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The case N = 2 of Theorem 16 can be interpreted as a property of 

c d la 'b ' c ' dEC 'ad-bc=l  " 

This follows by an idea of H. Kraft. SL2(C) contains the subgroup 

0 t -1 I r E  

which acts on SL2(C) by right multiplication 

( a  b ) ( t 0 ) ( t a  t - l b )  
c d 0 t -1 = tc t-ld " 

This action has the following 4 invariant functions: 

ab, ad, bc, cd. 

We consider the quotient SL2(C)/C*, i.e., we define the following equivalence 

relation on SL2(C): 

( a l  bl ) ~  ( a 2  b2 ) r 
cl dl c2 d2 

( a l  b l ) A = ( a 2  b2)  
3A E C*, Cl dl c2 d2 " 

THEOREM (g. Kraft): There is a one to one and onto map between the points 
of SL2(C)/C* and the points of the a/~ine surface XZ = Y(Y + 1) in C 3. This 

map is defined as follows: 

SL2(C)/C* --+ {XZ = Y(Y + 1)}, 

a b 

Thus according to Theorem 16 there is no etale map from SL2(C)/C* into C 2. 

Remark 23: It is easy to check that a polynomial 

P(a, b, c, d) = E a*'kla*bJckdl e C[a, b, c, d] 

is a function on SL2(C)/C* iff i + k = j + I. 
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Let us generalize Theorems 13 and 14 in accordance with our theory of 

asymptotic identities. Let us consider the rational map 

R ( X , Y )  : ( X - I , A 1 X - I - ' " + A N _ I  X N - 1  q - y x N ) ,  N >_ 2, 

where at least one of the coefficients A 1 , . . .  , A N - 1  is different from 0. We have 

I(R) = 

C[V, VU, V U  2 - AIU, V U  3 - A1U 2 - A 2 U , . . . ,  V U  N - A1U N-1 . . . . .  AN-1U],  

This motivates our definition for the surface Sn  that is induced by R ( X ,  Y )  as 

follows: 

X I  = V, X2 = VU, 

�9 . . ,  XN4-1 = V U  N - A1U N-1 - �9 - AN-1U.  X3 = V U  2 - A~U, 

Notice that Sn  C_ C N+l. 

PROPOSITION 9: The map CR: C2 -+ c N + I ,  defined by 

r V) = (V, VU, V U  2 - A1U, . .  . , V U  N - A1U N-1 . . . .  A N - 1 U ) ,  

is injective. 

Proof: If r V1) = Cn(U2, V2) then V~ = V2. If V1 r 0 then, by U1V1 = 

U2V2, we get U1 = U2. If V1 = 0, we let j be the smallest index 1 < j < N - 1, 

for which A s r 0. Then by 

- A j U 1  =V1U~ +1 - A 3 U I = V 2 U ~  + 1  - A 3 U 2 =  -A3U2,  

we again obtain U1 = U2. I 

Remark 24: In fact r above is an embedding. 

The surface SR is not affine closed. The next proposition determines its affine 

closure. 

PROPOSITION 10: The surface SR is an open subset of  the closed aft/he variety 

H n  which is given by the equations 

Xl~q-2  = X 2 ( ~ q - 1  - A3), 1 G j G N - 1. 
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Proof: Clearly bo th  Sn and HR are 2-dimensional in C N+I .  For 1 < j < N - 1 

we obtain by the definition of Sn 

X 1 X 3 +  2 = V ( V U  3+1 _ A1U.7  . . . . .  AaU), 

X 2 ( X 3 + l  -- A3)  : V U ( V U  3 - A1U3-l . . . . .  A3_IU - A3) .  

This shows tha t  SR C H R and clearly SR is open in HR. | 

As before, we are interested in the set of all regular functions on SR. An 

immedia te  consequence of our definitions is tha t  the set of all regular functions 

on Sn is exactly 

I ( X  -1, A 1 X  + . . .  + A N - 1 X N - 1  + Y X  N) = 

C[V, VU, V U  2 - A1U . . . .  , V U  N - A1U N-1 . . . . .  AN-IU].  

Motivated by the theory of asymptot ic  values and its relations to tile Jacobian 

conjecture we suspect tha t  there are no regular etale maps F :  Sn ~ C 2. We 

do not have a proof of such a result which is very close to a verification of the 

Jacobian conjecture over C. 

We can, however, easily extend Theorems 13 and 14 using basically the same 

proofs tha t  were given there. 

THEOREM 18: The surface SR is not isomorphic to C 2. Equivalently, i f  P(U, V), 

Q ( U ,  V )  C C[V,  V U ,  V U  2 - A 1 U , . . . ,  V U  N - A 1 U  N - 1  . . . . .  A N - 1 U ]  then the 

pair (P, Q) is not an automorphism of C[U, V]. 

THEOREM 19: I f  A1 , . . .  ,AN-1  E R, then the real Sn cannot be mapped diffeo- 

morphically onto R 2 by a polynomial map. Equivalently, i f  P(U, V), Q(U, V) c 

R[V, VU, V U  2 - A1,. . . , V U  N - AIU N-1 . . . . .  AN-1U] then the map (P, Q) is 

not a global diffeomorphism. 

Thus  according to these theorems the surfaces Sa  are exotic. However, over 

C we do not know if these surfaces are etale exotic. 

The  si tuat ion over R is settled as follows: 

THEOREM 20 (S. Pinchuk):  I f  A 1 , . . . ,  AN-1 E R and Sn is the real surface, 

then there are regular etale maps F: SR -+ R 2. 

Equivalently, there are polynomials 

P(U, V), Q(U, V) E R[V, VU, V U  2 - A1U, . . .  , V U  N - A1U N-1 . . . . .  AN-1U] 

such that the map (P, Q) has a non-vanishing Jacobian. 
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Proof: We can assume that Aa r 0, for otherwise we make a linear change of 

variables of the form (U, V) --+ (U + ~, V). 

Then we can assume that A1 = -1 ,  for otherwise we make the linear change 

of variables (U, V) ~ (-A1U, V). 

By the result of S. Pinchuk there are polynomials 

P(U, V), Q(U, V) �9 R[V, VU, VU 2 + U] 

such that (P, Q) has a non-vanishing Jacobian. Since R[V, VU, VU 2 + U] C_ 

]~[V~ V U ,  V U  2 -[- U, .  . . , V U  N + U N - 1  . . . . .  AN-1U] the result follows. I 

As a final result which is related to the surfaces S• let us note the following 

PROPOSrHON 1 1 : The following are equivalent: 

(a) There exists a regular etale map F: SR -~ C 2. 

(b) There exists a regular map G: C N+l --+ SR such that G Is~ is etale. 

(c) There exist P ( X I , . . . , X N + I ) , Q ( X 1 , . . . , X N + I )  �9 C [ X I , . . . , X N + I ]  s u c h  

that the map dpR(P, Q) is etale when restricted to SR. 

Proof: Clearly (b) ~ (c). 

(a) ~ (b): We take a = Cn o F. 

(b) ~ (a): Let 

G ( X I , . . . , X N + I )  : (U I ( X I , . . . , X N + I ) , . . . , B N + I ( X I , . . . , X N + I ) )  

be such that G IsR is etale. Let j be the smallest index, 1 <_ j <_ N - 1, for which 

A 3 r 0. We claim that we can take 

F(X1 , . . . ,  XN+I) ~-- 

( S j + 2 ( X l , . . .  ,XN*I ) / (B3+  l ( x  1 . . . .  ,XN+I)  -- A j ) , B  l ( x l , . . .  ,XN+I)  ). 

By the parametrization of Sn it follows that G = OR o F, so that the only thing 

that should be verified is that F is regular. We shall see that 

B~+2/(B3+l - As) �9 C[XI , . . . ,  XN+I] , 

namely, by the parametrization BIB3+2/(B~+~ -A~)  �9 C[X1,. . . ,  XN+I] and the 

denominator does not divide B1. II 

Theorem 16 provides a solution to the problem of the non-existence of regular 

etale maps into C 2 for a special class of surfaces SR, namely, those which are 

parametrized as follows: 

X 1 : V, X 2 : V U ,  X 3 = V U  2 + oLU, . . . ,  X N +  1 = V U  N+I + oLU N - l ,  
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where a E C*. 

The next theorem will enlarge the class of surfaces for which we can solve this 

problem. 

THEOREM 21: Let N >_ 3, a C C* and/3 6 C. Let S ( N  + 1, a,/3) be the surface 

in C N+I defined by 

XI  = V, X2 = VU, Xa = V U  2 + aU, X4 = VU 3 + aU 2+13U, 
1 

Xa = VUa-~ + aUa-2 + /3Ua-3 + E ( /3a-2-Vaa-3- ' )U"  5 < j <_ N + 1. 

z:3 --4 

Then there are no regular etale maps F: S ( N  + 1, ce,/3) -+ C 2. 

Proof" We shall show how to reduce the case of the surface S ( N  + 1, a, [3) to 

the case of SN+I which was treated in Theorem 16. This will be done with the 

aid of the following linear transformation: 

v = w ,  u = x + ~ / , ~ .  

with the aid of this transformation we can choose the Let us show that 

polynomials 

W, W X ,  W X  2 + a X ,  W X  3 + a X  2 . . . .  , W X  N + a X  N-1 

as a set of generators for the algebra of regular functions on S ( N  + 1, a,/3), thus 

accomplishing the reduction. 

W = V is a generator. Since VU = W ( X  +/3 /a )  = ( W X )  + (f l /aW),  also 

W X  is a generator: 

V U  2 + aU = W ( X  + 91a) ~ + ~ (X  + ~ la )  

= ( w x  ~ + ~ x )  + ( 2 / 3 / ~ w x  + / 3 2 / ~ 2 w  +/~), 

so w x  2 + a x  is a generator: 

V U  a + aU 2 +/3U = 

( w x  3 + ~x 2) + {3/3/~(wx ~ + ~x) + 3/32/~wx +/3a/~3w +/32/~ + ~}. 

So W X  3 + oeX 2 is a generator. 

We continue in this manner, taking advantage of the following identity: 

w ( x  +/3/~)N + ~(X +/3/~)n-, +/3(X +/3/~)N-2 +/32/~(X +/3/~)N-a +...  

. . .  +/3N-2/~-a(x +/3/~) 
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N-2 
~ ( w x N  +olXN-1)+ E ( X )~3 /o tJ (wxN-3  +o!gN-3-1 ) 

3=1 J 

+N/3N-1/o~N-I(~rX) q- f3N /o~NW + (N - 1)flN-1/Oe N-2. 

The proof is now completed. | 

We end this section by indicating that  the etale exoticity is in fact a property 

of many innocent-looking surfaces. The complex sphere is just one such surface. 

THEOREM 22: There are no regular etale maps 

F: {(X,Y,Z) IX 2 + y2  + Z 2 = 1 } -  {(Z/2, Z(-1)'/2/2,-1)[ Z �9 C} --+ C ~, 

F: {(X,V,Z) IX - - Z = - 4 }  - { ( Z , - Z , - 2 )  I Z �9 C }  -+  C z 

COROLLARY 5: There are no etale regular maps from the complex sphere 
X2 + y2 + z 2 = 1 into C 2 or from the one-sheeted hyperboloid X 2 -  y 2 - Z 2 = - 4  

into C 2. 

We now prove the theorem. 

Proof: Let us consider the map 

f ( R , S , T )  = (1/2(R + T), 1 /2(-1)1/2(R-  T), 1 - ( -1)1/2S).  

Then 

f - l ( x ,  Y, Z) = (X + ( -1 )1 /2y ,  ( - 1 ) 1 / 2 ( Z  - 1), X - -  ( - 1 ) l / 2 y ) ,  

and hence f is a regular linear transformation of C a. Let us consider the image 

of the surface RT = S(S + 2( -1 )  1/2) under f .  To see what it is, note that  

X 2 + y 2  + Z 2 = ( 1 / 2 ( R  + T ) )  2 + ( 1 / 2 ( - 1 ) 1 / 2 ( R  - T ) )  2 + (1 - ( - 1 ) 1 / 2 S )  2 = 1, 

so that  the image is contained in the sphere X 2 + y2 + Z 2 = 1. In fact they 

coincide. This follows immediately by the irreducibility of the sphere, or sim- 

ply by noting that  the image of the sphere under f - 1  is contained in RT = 
S(S + 2(--1)1/2). 

The surface X = V, Y = VU, Z = VU 2 + U is isomorphic to 

{ (R ,&T)  I RT = S ( S  Av 2 ( - 1 ) I / 2 ) }  - {(O,-2(-1)~/2,T) I T �9 C}, 

and this last surface is mapped by f isomorphically onto 

{ ( X , y , z )  I x 2 + y 2  + Z 2 = 1 } -  { (Z /2 , ( -1 ) I /2z /2 , -1 )  I Z �9 C}. 
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So the first part  of the theorem follows by Theorem 16 with N = 2. 

To prove the second part  of the theorem we use the same argument and the 

map 

g(R, S, T) = (R + T, R - T, 2(S + 1)), 

for which 

g-l (x ,  Y, z) = ((x + Y ) / z ,  z / 2  - 1, ( x  - Y)/2); 

g provides an isomorphism between the surface R T  = S (S  + 2) and the 

hyperboloid X 2 - y z  _ Z 2 = - 4 ,  where the line { ( 0 , - 2 , T )  [ T C C} is mapped 

onto { ( T , - T , - 2 ) 1  T e C}. 

Tha t  completes the proof of the second part  of the theorem. | 

9. P o l y n o m i a l  v e c t o r  fields a n d  v e c t o r  b u n d l e s  on  e t a l e  e x o t i c  

su r f ace s  

In the previous section we introduced the notion of etale exotic surfaces S. These 

had the following properties: 

(a) There is a diffeomorphism r C 2 --+ S which is realized by a birational 

map r 

(b) There is no regular etale map S ~ C 2 (into C2). 

Examples of such surfaces are given by the following parametrizations: 

X 1 = V, X2 = VU, 23  ~- VU2~-U, . . . ,  XN+I = v u N ~ - u  N - l ,  N > 2, 

which describe surfaces in C N§ As we observed, the case N = 2 implied that  

the complex sphere X 2 + Y~ + Z 2 = 1 enjoys property (b). 

In this section we shall investigate polynomial vector fields on such surfaces S 

and deduce properties of their tangent bundles. 

Let us begin by discussing the case N = 2: We take two polynomials 

P ( X ,  Y, Z), Q(X,  1I, Z) E C[X, Y, Z] and evaluate their Jacobian on the surface 

$3 which is defined by 

X = V, Y = VU, Z = VU 2 + U. 

We obtain, with the aid of the chain rule, the identity 

o(P(X, Y, z ) ,  Q ( x ,  Y, z ) ) / o ( u ,  v )  = - 
VU 2 + U - ( 2 v u  + l) V 

Px  Pv Pz  

Qx  O,v Qz  
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Recall that  the affine closure of Sa is given by F(X, Y, Z) = X Z  - Y (Y  + 1) = 0. 

So on Sa, Fx = Z = VU2+U, Fy = - ( 2 Y +  1) = - ( 2 V U +  1) and Fz = X = V. 
Hence the above identity can be written as follows: 

o(P(x, Y, z), O,(x, Y, z))/o(u, v)  = - o ( f ,  p, Q)/o(x, y, z) Ls.,, 

where all the expressions are evaluated on Sa. 

Thus an immediate consequence of Theorem 16 is that for any two poly- 

nomials P(X, II, Z), Q(X, Y, Z) E C[X, Y, Z] the Jacobian O(F, P, Q)/O(X, Y, Z) 
must have zeros on the surface Sa, where here, as above, 

F(X,Y, Z) = X Z  - Y ( Y  + 1). 

To interpret that geometrically we note that 

o(F, p, O)/o(x, Y, z) = v F .  ( r e  x vQ),  

where we use the standard calculus notations V for gradient, �9 for scalar product 

and x for vector product. Hence this Jacobian vanishes exactly when the vectors 

V F  and V P  x VQ are perpendicular. 

However, on Sa, V F  is a normal vector to the surface (always different from 

0). Thus we can restate the above conclusion as follows : 

For any two polynomials P(X, Y, Z), Q(X, 17, Z) E C[X, Y, Z] the vector field 

V P  x VQ on $3 must contain vectors which lie in the tangent plane to Sa (at 

the point of evaluation). 

Remark 25: As is easy to check, twice continuously differentiable vector fields v 

of the form V P  x VQ are characterized by the equation Div V = 0. 

Another way to state the above is to say that the family of planes (maybe de- 

generated) that are spanned by V P  and VQ on Sa must contain planes 

perpendicular to $3. 

Yet we look for a formulation of that which is free of differentiations. We recall 

that  V P  evaluated on the surface P(X, Y, Z) ~ Const is a perpendicular vector 

to that surface (it might be 0). Thus we arrive at the following statement: 

For any two polynomials P(X, Y, Z), Q(X, Y, Z) G C[X, Y, Z] there are two 

level surfaces P(X, Y, Z) = C1 and P(X, II, Z) = C2 such that these two and Sa 

have a common point through which a straight line passes that belongs to the 3 

tangent planes of these surfaces at this point of intersection. 

The above is the core of the results in this section. We now state these formally 

in a more general setting that we have. 
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PROPOSITION 12: Let  SR be the surface in C N+~, N >> 2, which is parametr ized 

b y  

X I  = V, X2 = VU, 

X3 = V U  2 - A1U, . . . ,  X N + I  = V U  N - A 1 U  N - 1  . . . . .  A N - 1 U .  

Let  F a ( X l , . . .  , X N + I )  = N I X 3 +  2 - X 2 ( X 3 +  1 - Aa), 1 _< j _< N - 1. Then for 

any pair o f  polynomials  P ( X 1 , . . . ,  XN+I) ,  Q ( X 1 , . . . ,  X N + I )  E C [ X 1 , . . .  , X N + I ]  

we have the identi ty  

O ( F ~ ,  . . . , F N - 1 ,  P ,  Q ) / O ( X l ,  . . , X N + I )  = 

v N - 2 0 ( P (  X 1 ,  . . . , X N + I ) ,  Q ( X , ,  . . . , X N + , )  ) / O ( U ,  V ) ,  

where everything is evaluated on SR. 

This proposition is proved using the fact that  the afIine closure of SR is given 

by Fj = 0, 1 < j _< N -  1 and by the chain rule. 

THEOREM 23: Let  SN+I be the surface in C x+l ,  N >> 2, which is parametr ized  

b y  

X~ = V, X2 = VU, Xa = V U  2 +U,  . . . ,  XN+I = V U  N + U  N - I .  

L e t  F I ( X  1 . . . .  , X N + I )  = N i X 3  - X 2 ( X 2  -]- 1), F3(X1,... ,XN+1) = X12~3+2 -- 

X 2 X j + I ,  2 <_ j < N - 1 .  

Then  for any pair  of polynomials  P ( X 1  . . . .  , X N + I ) , Q ( X 1 , . . . , X N + I )  E 

C [ X 1 , . . . ,  XN+I] the Jacobian O(F1 . . . .  , FN-1, t=', O ) / O ( X 1 , . . . ,  XN+I)  has zero 

on SN+ 1 . 

Proof: This follows from the previous proposition and from Theorem 16. | 

As a consequence of this theorem we get 

THEOREM 24: For any pair  of polynomiMs P ( X 1 , . . . ,  XN+I) ,  Q ( X 1 , . . . ,  X N + I )  

C [ X 1 , . . .  ,XN+I] there is a point  on SN+I at which both o f  the vector fields 

given by v p  = ( P x ~ , . . . ,  PxN+I), VQ = ( Q x , , . . . ,  QXN+,) are perpendicular to 

S N q - I .  

An equivalent way of saying that  is 

THEOREM 25: For any pair o f  polynomials P ( X 1 ,  . . . , XN+I),  Q(X1,  . . . , XN+I)  

E C [ X 1 , . . . ,  XN+~] there exist two level hypersurfaces P ( X 1 , . . . ,  XN+I)  = C1, 

Q( X1, . . . , X N + I ) = C2 such that these two and S N + I have a common point, and 

a straight line through it that  is tangent to all the 3 at this point  o f  intersection. 
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We end this section by pointing out the possibility of existence of an algebraic 

version of the Gauss Theorem or the Divergence Theorem. We do not have a 

conjecture as to what that version should be. Motivated by the above theorems 

we write the following 

De~nition 10: The C 1 surface S(X, Y, Z) = 0 is said to have the property r with 

respect to the ring of functions A C_ C 1 if for any pair P(X, Y, Z), Q(X, Y, Z) E A 
there exists a point (Xo, Y0, Z0) satisfying 

s ( x 0 ,  Y0, zo) = o(s, e, O)/o(x,  g, z)(xo, Yo, zo) = o. 

Remark 26: (a) If S(X, Y, Z) = 0 is a polynomial and it has the property r with 

respect to A = C[X, Y, Z], then S(X, Y, Z) does not have Jacobian mates. 

(b) If S(X, Y, Z) = 0 has a singular point, then it has the property r. 

(c) The surface XZ - Y(Y + 1) = 0 has the property r with respect to A = 

C[X, Y, Z]. 

It is rather clear how to extend the definition of the property r to surfaces that 

are embedded in C N+I, N >_ 3. 
When one tries to show that a surface S enjoys the property r with respect to 

A = C 2, one naturally relies on techniques of vector analysis. We shall demon- 

strate that over R 3. 

PaOPOSITION 13: A C 1 closed surface over R (in R 3) has the property r with 
respect to A = C2(Ra). 

Proof: Let S be a C 1 closed surface in R a that bounds the domain V. Suppose 

that this surface does not have the property r with respect to A. Then there 

exists a pair P(X, Y, Z), Q(X, I7, Z) E C2(R a) such that the vector field 

v ( x , r ,  z)  = v P  x v Q  Is 

on S is composed only of vectors for which the angle a between them and the 

unit normal n(X, Y, Z) to S satisfy 0 < (~ < ~/2. 

Hence we have 

f s v(x,Y,z/n(x,r,z/ s > 0, 
where we integrate on the surface S. 

We can use the Divergence Theorem in our case. Thus 

/ / ; DivV(X,Y,Z)dXdYdZ = / s V(X,Y,Z) .,n(X,Y,Z)dS. 
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Hence 

///vDiVV(X,Y,Z)dXdYdZ>O �9 

On the other hand, since V(X, Y, Z) = VP x VQ it follows that 

Div v(X,  Y, Z) ~ O, 

and so we arrive at a contradiction, which proves the theorem. | 

Such a chain of arguments relies heavily on a theorem such as the Divergence 

Theorem. These Stokes-type theorems usually require compactness of the surface 

(or at least a good control on the growth of the vector fields towards infinity). 

However, our surfaces S• are certainly not compact. On the other hand, we are 

interested in the property r only with respect to the ring of polynomials and so 

maybe one can prove an algebraic version of the Stokes Theorem that  will handle 

this situation. 

References  

[1] S. S. Abhyankar, Expansion techniques in algebraic geometry, Tata Institute of 
Fundamental Research, Bombay, 1977. 

[2] H. Bass, E. Connell and D. Wright, The 3acobian conjecture reduction of de- 
gree and formal expansion of the inverse, Bulletin of the American Mathematical 
Society 7 (1982), 287-330. 

[3] A. Bialynicki-Birula and M. Rosenlicht, Inverse morphisms of real varieties, Pro- 
ceedings of the American Mathematical Society 13 (1962), 200-203. 

[4] J. Hadamard, Sur les transformations pontuelles, Bulletin de la Soci6t6 
Math6matique de France 34 (1906). 

[5] O. H. Keller, Ganze cremona transformationen, Monatshefte ffir Mathematische 

Physik 47 (1939), 299 306. 

[6] K. Kurdyka and K. Rusek, Surjectivity of certain injective semialgebraic 

transformations of R ~, Mathematische Zeitschrift 200 (1988), 141-148. 

[7] J. Lang, Newton polygons of Jacobian pairs, Journal of Pure and Applied Algebra 

72 (1991), 39-51. 

[8] J. H. McKay and S. S.-S. Wang, On the inversion formula for two polynomials in 

two variables, Journal of Pure and Applied Algebra 52 (1988), 103-119. 

[9] T.-T. Moh, On the Jacobian conjecture and the configuration of roots, Journal fiir 

die reine und angewandte Mathematik 340 (1983), 140-212. 

[10] R. Peretz, The variety of the asymptotic values of a real polynomial etale map, 

The Journal of Pure and Applied Algebra 106 (1996), 103-112. 



Vol. 105, I998 GEOMETRY OF POLYNOMIAL MAPS 59 

[11] R. Peretz, On counterexamples to Keller's problem, The Illinois Journal of 
Mathematics 40 (1996), 293-303. 

[12] R. Peretz, Polynomial parametrization and etMe exoticity, The Illinois Journal of 
Mathematics 40 (1996), 5(12-517. 

[13] S. Pinchuk, A counterexample to the strong real Jacobian conjecture, Mathema- 
tische Zeitschrift 217 (1994), 1--4. 

[14] J. D. Randall, The real Jacobian problem, Proceedings of Symposia in Pure 
Mathematics 40 (Part 2) (1983), 411 414. 

[15] W. Rogosinski, On the coefficients of subordinate functions, Proceedings of the 
London Mathematical Society 48 (1943), 48-82. 

[16] K. Rusek, Polynomial automorphisms, Preprint 456, Institute of Mathematics, 
Polish Academy of Sciences, Warsaw, 1989. 

[17] A. van den Essen, Ttle exotic world of invertible polynomial maps, Catholic 

University of Nijmegen, Department of Mathematics, Preprint 9204, 1992. 

[18] R. J. Walker, Algebraic Curves, Princeton University Press, 1950. 


